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Abstract. Model checking has been successfully applied to verification of computer hardware
and software, communication systems and even biological systems. In this paper, we further
push the boundary of its applications and show that it can be adapted for applications in
quantum physics. More explicitly, we show how quantum statistical and many-body systems
can be modeled as quantum Markov chains, and some of their properties that interest physicists
can be specified in linear-time temporal logics. Then we present an efficient algorithm to check
these properties. A few case studies are given to demonstrate the use of our algorithm to actual
quantum physical problems.
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Two Model Checking Problems from Quantum Physics— Our motivations are two problems
from two different fields of quantum physics:

Quantum Statistical Mechanics: Quantum statistical mechanics is essentially statistical me-
chanics applied to quantum systems. It is based on the statistical description of measurements [11].
Specifically, through observing state ρt (Hermitian positive semidefinite matrix with unit trace) of
a quantum system (a finite-dimensional Hilbert space) at time t with a quantum measurement (e.g.,
position and momentum), which is mathematically modeled by a set {Mk}mk=1 of matrices on H with∑
kM

†
kMk = I (the identity operator on H), the probability of outcome k is pk = tr(M†kMkρt).

Quantum statistical mechanics is mainly concerned with the connections between the classi-
cal information (probability distributions of measurement outcomes) and the quantum information
(quantum states) of quantum systems. A fundamental problem in the foundations of it is the long-
term classical information of quantum systems. It originated from John von Neumann’s 1929 paper
on the quantum ergodic theorem [4,10], which asserts that for an appropriate finite set of mutually
commuting measurements, every initial quantum state evolves so that for most time in the long run,
the joint probability distribution of these measurements is close to a certain distribution. A renewed
interest in recent years leads to the study of long-term properties of the measurement outcome
distribution (tr(M†1M1ρt), tr(M

†
2M2ρt), . . . , tr(M

†
nMnρt)) [5, 8, 9]; especially,

Problem 1 (Long-term classical information). Let {Il}nl=1 be a finite set of intervals in [0, 1]

and {Mk}mk=1 a measurement. Given a multiset {lk : 1 ≤ lk ≤ n}mk=1, is tr(M†kMkρt) eventually
(respectively, infinitely often) in Ilk for all 1 ≤ k ≤ m?

Quantum Many-body Systems: A quantum many-body system is a complex system of multi-
ple interacting microscopic particles [12]. The number of particles can be near or more than 1020 when
we consider thermodynamic limit (of quantum condensed matter) in practice, and the dimension of

the state space for the whole system (all particles) is at least 210
20

. Quantum many-body problems
are concerned with bulk properties (e.g., superfluidity and superconductivity) of such large systems.
Obviously, exact or analytical solutions to them are impractical or even impossible. A common ap-
proach is to find hypothetical models that capture some essential aspects (e.g., ground states and
ground energy) of the real systems, such as Matrix Product States (MPS) and Tensor Product States
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(TPS) in terms of the topological structure of the systems [12]. Let us consider an 1-dimensional
MPS as an example. Assume the system consists of N quantum particles in a line, indexed from 1
to N , and each particle has its own d-dimensional Hilbert space, denoted by Hd. Then the entire
Hilbert space is H = H⊗Nd . MPSs have the form:

|ψN 〉 =

d∑
k1,...,kN=1

tr(Ak1 · · ·AkN )|k1〉 ⊗ · · · ⊗ |kN 〉 (1)

where {|k〉}dk=1 is an orthonormal basis of Hd and {Ak}dk=1 is a family of D ×D complex matrices
with D being independent on N and describing the entanglement strength.

For verifying the validity of matrices {Ak} in the hypothetical model (1) of an MPS in thermo-
dynamic limit (N →∞), we need to answer:

Problem 2 (Dichotomy problem). Given a finite set of D × D complex matrices {Ak} and a
positive integer J . (1) Is |ψN 〉 6= 0 for all N ≥ J? (2) Is there N0 ≥ J such that |ψN 〉 6= 0 for all
N ≥ N0?

Our Contributions— We develop an efficient model checking algorithm solving Problems 1 and 2.
First, we show that quantum statistical and many-body systems can be modeled as quantum Markov
chains (QMCs). For the flexibility of applications, we admit abstract linear-time temporal logic
(LTL) formulas, which can specify the properties in Problems 1 and 2. We further give an effective
procedure to approximately answer the LTL model checking problem for QMCs. The main technique
is based on the eigenvalue-analysis of QMCs, which significantly simplifies the previous work based
on decompositions of the state space [1].

Quantum Markov Chains— QMCs are a straightforward generalization of classical Markov
chains. A QMC is a tuple G = (H, E , ρ0), where H is a Hilbert space, E ∈ S(H) a super-operator
(a completely positive and trace-preserving map) on H, and ρ0 ∈ D(H) an initial state. Here, S(H)
and D(H) are the set of all super-operators and quantum states on H, respectively. Especially, G
is called irreducible if E has only one full-rank stationary state [3]; that is, there exists a unique
ρ ∈ D(H) such that E(ρ) = ρ, and further ρ > 0, i.e., ρ is strictly positive.

The state transitions of G can be described as the trajectory : σs(G) = ρ0, E(ρ0), E2(ρ0), . . . .
Sometimes, quantum states are not our concern in practice. Then a QMC can be defined as a pair
G = (H, E) without explicitly specifying the initial state, and its behavior described by the trajectory
of super-operators: σd(G) = idH, E , E2, . . . .

Linear-Time Properties in Quantum Physics—In this paper, we present two linear-time
temporal logics (LTLs) as languages for specifying properties of quantum physical systems. Our logics
are essentially the same as the ordinary LTL except that its atomic propositions are interpreted in
quantum physics.

Atomic Propositions Interpreted in Quantum Statistics— A physical observable is mod-
eled by a Hermitian operator A in the state Hilbert space H, i.e., A† = A. Then a quantum mea-
surement can be constructed from A as follows. An eigenvector of A is a non-zero vector |ψ〉 ∈ H
such that A|ψ〉 = λ|ψ〉 for some complex number λ (indeed, λ must be real when A is Hermitian).
In this case, λ is called an eigenvalue of A. For each eigenvalue λ, the set {|ψ〉 : A|ψ〉 = λ|ψ〉}
of eigenvectors corresponding to λ together with the zero vector is a subspace of H. We write
Pλ for the projection onto this subspace. Then we have the spectral decomposition [6, Theorem
2.1]: A =

∑
λ λPλ, where λ ranges over all eigenvalues of A. Moreover, M = {Pλ}λ is a (pro-

jective) measurement. If we perform M on the quantum system in state ρ, then the outcome λ

is obtained with probability pλ = tr(P †λPλρ) = tr(Pλρ), and the expectation of A in state ρ is
JAKρ =

∑
λ pλ · λ =

∑
λ λtr(Pλρ) = tr(Aρ). Our atomic propositions are chosen to give an estima-

tion of the expectations of physical observables.
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Definition 1. 1. An atomic proposition in a Hilbert space H is defined as a pair (A, I), where A
is an observable in H and I ⊆ R is an interval.

2. A state ρ ∈ D(H) satisfies a := (A, I), written ρ |= a, if the expectation of A in ρ lies in interval
I: tr(Aρ) = JAKρ ∈ I.

As usual, we assume a finite set AP of atomic propositions. Now let us extend the satisfaction
relation ρ |= a to G |= ϕ between a QMC G and a general LTL formula ϕ. To this end, we introduce
the labeling function: Ls : D(H)→ 2AP , Ls(ρ) = { a ∈ AP : ρ |= a } which assigns to each quantum
state the set of atomic propositions in AP satisfied by the state. We further extend the labeling
function to sequences of quantum states by setting Ls(ρ0, ρ1, . . .) = Ls(ρ0), Ls(ρ1), . . .. Then we
define: G |=s ϕ if and only if Ls(σs(G)) ∈ Lω(ϕ), where Lω(ϕ) = { ξ ∈ (2AP )ω : ξ |= ϕ }, the
language containing all infinite words over 2AP that satisfy ϕ.

Example 1. Given a quantum measurement {Mk}mk=1, we consider a sequence of physical observable

{Ak = M†kMk}mk=1 and a finite set of intervals {Il}nl=1 in [0, 1]. Let AP = {(Ak, Il) : 1 ≤ k ≤ m, 1 ≤
l ≤ n} with atomic proposition (Ak, Il) asserting that expectation tr(Akρ) ∈ Il. Then Problem 1 can
be rephrased as: Given a multiple set {lk : 1 ≤ lk ≤ n}mk=1, is G |=s

∧m
k=1 �(Ak, Ilk) (respectively,

G |=s

∧m
k=1 �♦(Ak, Ilk))?

Atomic Propositions Interpreted in Quantum Many-Body Systems— First, note that
given |ψN 〉 in Eq. (1), there exists an orthogonal decomposition HD =

⊕
mHD,m such that |ψN 〉

can be linearly represented by a set of families of operators {{Bm,j ∈ B(HD,m)}j}m, where Em( · ) =∑
j Bm,j ·B

†
m,j is a super-operator and (HD,m, Em) is irreducible, with positive coefficients {am >

0}m: |ψN 〉 =
∑
m am|φN,m〉, where |φN,m〉 =

∑
k1,...,kN

tr(Bm,k1 · · ·Bm,kN )|k1〉 · · · |kN 〉. This rep-
resentation is called the irreducible form in [2] and it can be effectively computed. Therefore,
|ψN 〉 = 0 if and only if |φN,m〉 = 0 for all m. Without loss of generality, from now on, we always as-

sume that the set {Ak}’s corresponds to an irreducible QMC (HD, E) with E( · ) =
∑
k Ak ·A

†
k.

Further, |ψN 〉 = 0 if and only if 〈ψN |ψN 〉 = 0. By simple calculations, we have 〈ψN |ψN 〉 =
tr([

∑
k E
∗
k ⊗ Ek]N ) = tr([MN

E ]∗) = tr(MN
E ) where E∗ stands for the (entry-wise) complex con-

jugate of E, ME =
∑
k Ek ⊗E∗k is called the matrix representation of E , and the last equality in the

above chain follows from tr(ME) being a real number for any E .

Definition 2. 1. An atomic proposition is defined to be an interval I ⊆ R.
2. A super-operator E ∈ S(H) satisfies a := I, written E |= a, if the trace of its matrix representa-

tion ME lies in interval I; that is, tr(ME) ∈ I.

The satisfaction relation E |= a can also be extended to G |= ϕ between a QMC G and an LTL
formula ϕ. Here we use the labeling function: Ld : S(H) → 2AP , Ld(E) = { a ∈ AP : E |= a } which
assigns to each super-operator the set of atomic propositions in AP satisfied by it. Furthermore,
let Ld(E1, E2, . . .) = Ld(E1), Ld(E2), . . . for any sequence of super-operators E1, E2, . . .. Therefore, we
define: G |=d ϕ if and only if Ld(σd(G)) ∈ Lω(ϕ).

Example 2. Given a finite set of matrices {Ak} on a Hilbert space H corresponding to a (irre-

ducible) QMC G = (H, E) with E( · ) =
∑
k Ak ·A

†
k, we set AP = {I1, I2}, where I1 = [0, 0] and

I2 = (−∞, 0) ∪ (0,∞). The atomic proposition I1 (resp. I2) asserts that the trace of the matrix
representation of the current super-operator is zero (resp. nonzero). The properties considered in
Problem 2 can be written as the LTL formulas: (1) Is G |=d ©(J)�I2? (2) Is G |=d ©(J)♦�I2?

Model Checking Algorithm—In the end, we develop an effective algorithm to answer the
LTL model checking problem for QMCs. In the meanwhile, we run experiments on AKLT (Affleck-
Kennedy-Lieb-Tasaki) and cluster models, which are two essential 1-dimensional quantum many-
body systems [7]. The results illustrate how our algorithm can be applied in quantum physics.

Theorem 1 (Informal). Verifying G |=s ϕ and G |=d ϕ can be effectively and approximately
answered.
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