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We interpret ontological models for quantum theory as functors from the category of C*-algebras and
completely positive maps to the category of measurable spaces and Markov kernels. This uniformises
several earlier results, that we analyse more closely: Pusey, Barrett, and Rudolph’s result rules out
monoidal functors; Leifer and Maroney’s result rules out functors that preserve a duality between
states and measurement; Aaronson et al’s result rules out functors that adhere to the Schrodinger
equation. We also prove that it is possible to have epistemic functors that take values in signed
Markov kernels.

1 Introduction

Is the wavefunction of quantum theory an objective property of reality, or merely a statistical quantity
associated with a probability distribution over the actual elements of reality? This question divides foun-
dations of quantum theory into two camps — the former theories are ontic, whereas the latter theories
are epistemic — and has occupied quantum foundations greatly. There are many ontic interpretations
of quantum mechanics, such as many-worlds, de Broglie-Bohm, or modal theory. But there are not
many epistemic theories that fully reproduce the predictions of quantum mechanics. One example of an
epistemic theory is Spekkens’ toy model [32], but that only considers a restricted version of quantum me-
chanics. The difficulty in having an epistemic interpretation of quantum mechanics is partly explained
by no-go theorems that constrain models attempting to reproduce quantum mechanics using classical
probability distributions. Notable such obstructions are: Bell’s theorem [3], that rules out local mod-
els; the Kochen-Specker theorem [19], that rules out noncontextual models; the Pusey-Barrett-Rudolph
(PBR) theorem [27], that rules out models in which independently prepared quantum states correspond
to independent ontic states.

Underlying all these investigations is the question: is it possible to have some translation from quan-
tum theory to probability theory? Whether such a translation preserving certain structural aspects of
quantum theory is possible explains whether quantum theory is ontic or epistemic. There is a branch
of mathematics whose entire reason for being is to translate structure between different areas, namely
category theory [22]. This suggests phrasing translation questions about possible ontological models as
functors, and that is exactly what this paper does.

In Sections [2| and [3| we recognise ontological models as functors from (the algebraic framework of
C*-algebras and completely positive maps modelling) quantum theory to probability theory (as modelled
by the category of measurable spaces and Markov kernels). The former category contains states and
measurements as morphisms, and the latter category contains probability measures as morphisms, but
both contain many more morphisms, incorporating dynamics in a natural way.

We then ask the question whether such functors satisfying various properties can exist (see also [3]]).
This language uniformises several earlier results, and lets us analyse their structure more closely.

e Can there be an epistemic functor that preserves tensor products? Section [ analyses the PBR
theorem [27] in these terms to provide a negative answer.
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2 Ontological models for quantum theory as functors

e Can there be an epistemic functor that preserves duality between states and measurements? Sec-
tion[5]analyses [21] categorically to rule out such a functor, never mind an epistemic one.

e Can there be an epistemic functor that preserves the Schrodinger equation? Section [6] analyses [1]]
categorically to show that there can be no maximally nontrivial such functor.

Moreover, the formulation in terms of functors naturally suggests other questions.

e What if we change the target category? Section [7|shows that an epistemic model is possible when
we move from Markov kernels to signed Markov kernels.

Epistemic functors also seem possible when using quantum measures rather than signed measures, but
this runs into technical issues; see Appendix [Bl We also leave open the following naturally suggested
questions: Can there be a (co)limit-preserving epistemic functor? Can there be an (op)lax monoidal
epistemic functor? Can there be an epistemic functor at all? Towards the latter question: there are
epistemic models of quantum theory, e.g. those in [23} [1]], but these mappings from quantum states to
probability distributions are not functorial. As far as we are aware, no such mapping is known to exist.

2 Ontological models
Interpretations of quantum mechanics that describe an objective reality (realist interpretations) do so in
the context of an ontological model. Let us recall the standard definitions [20} [1]].

Definition 1. An ontological model is a measurable space A, called the ontic space. Write X for its
o-algebra.

Definition 2. An ontological theory of quantum mechanics is a theory satisfying:
1. Each finite-dimensional Hilbert space H has an associated ontological model (A,Xp);
2. Each state |y) € H has an associated probability measure Ly : Lx — [0,1] with py(A) = 1;

3. Each orthonormal measurement M = {|¢1),|92) ,...|@sim(m))} has a set of response functions
{&m: A—10,1]| 1 <k <dim(H)} satisfying:

VIv) € H: [ Eon(Aduy(2) = (00| ) P

VA € A: zdlng(l) =1

i=1

Example 3. The simplest example of an ontological theory is the following:
1. A=CPH) =1 s the complex projective space of H under its Borel c-algebra;
2. uy(U) = xu(w), writing xu for the indicator function of the subset U C A;
3. Em(A) = [{¢x | A) [

Of course, this is merely a restatement of the original Hilbert space formulation.

Ontological models of quantum mechanics come in two types: ontic and epistemic. The wavefunc-
tion is regarded as an objective property of reality in the former, and as a statistical quantity in the latter.
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Definition 4. An ontological theory of quantum mechanics is epistemic if there exist states |y) ,|9) € H,
satisfying 0 < [(y | ¢) | < 1 and D(py, 1ug) < 1, where

D(py, fo) = sup |y (Q) — 1y (Q)]

QeXp

is the variational distance between the probability measures |y and [y associated to |y) and |¢§).
An ontological theory is ontic when it is not epistemic.

In essence, the previous definition says an ontological theory is epistemic when there exists a pair
of distinct but overlapping states, whose associated distributions over the ontic space have overlapping
support. Example [3]is ontic.

The condition for an ontological theory to be epistemic does not specify which pair of states should
have overlapping distributions; the requirement is merely that such a pair exist. It may be more natural
to require that the overlap between states be completely explained by the overlap in their associated
distributions; this is called maximally epistemic [21]. Similarly, it may be more natural to require that
whether states overlap at all is completely explained by whether their associated distributions overlap at
all; this is called maximally nontrivial [1]].

Definition S. For a state y € H with ontic space A, let Ay = Uyes, 1, v)>0X be the support of [Ly. An
ontological theory of quantum mechanics is maximally epistemic if for all y,¢ € H:

/A dpy(R) = (0 | ) ] (1)
¢

It is maximally nontrivial when (¢ | v) = 0 if and only if jA¢ duy(4) =0.

3 Operational models

We think of a category as consisting of (models of) physical systems and processes that can be composed
in sequence and in parallel [8,[17]. We first axiomatise probabilistic measurements in such a setting.

Definition 6. An operational category consists of:
e a monoidal category C, with tensor product @ and unit I;
e an object 2 in C, called the distinguishing object,
o a set Q, whose elements are called probabilities;
e afunction (—): C(I,2) — Q called evaluation.

Maps X — 2 are also called measurements, maps I — X states, and maps I — 2 abstract probabilities.
We will often fix Q to be the unit interval [0, 1], in which case we also speak of a concrete operational
model, to justify the name ‘probabilities’ for elements of Q. One might assume much more structure than
the above definition. For example, the set of probabilities Q, might be taken to be a partially ordered set,
a monoid, or even a semiring. Similarly, the distinguishing object 2 might be assumed to be a generator,
or a coproduct I 41 [6]. Finally, the category C might be assumed to be compact, or dagger [8,[17]]. Here
we will only assume the bare minimum of the above definition.

The prototypical example of an operational category is standard (mixed-state) quantum theory [7]].
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Example 7. The category CP* [FHilb| of finite-dimensional C*-algebras and unital completely positive
maps is operational with C? as distinguishing object, with [0,1] as abstract probabilities, and with the
Born rule

(w)=p if w(l)=(p,1-p)
as evaluation function for y: C — C2. States correspond to density matrices, and measurements are
positive operator-valued measures (POVMs) with 2 outcomes.

We will be interested in other operational settings, such as probability theory. Here, the model of a
physical system is its set of (ontic) states, and a physical processes simply evolves ontic states.

Example 8. A Markov kernel from a measurable space (X,Lx) to a measurable space (Y,Xy) is a
Sunction f: X x Xy — [0,1] such that f(—,V): X — [0,1] is a bounded measurable function for each
V € Xy, and f(x,—): Ly — [0,1] is a probability measure for each x € X. Measurable spaces and
Markov kernels form a category SRel with composition (go f)(x,W) = [g(y,W)f(x,dy), and Dirac
delta functions as identities [126] 25]].

The category SRel is (symmetric) monoidal. In the abstract, because it is the Kleisli category of
the monoidal probability Giry monad [18|]. We describe the monoidal structure concretely. The tensor
product (X,Xx)® (Y,Ly) of objects is carried by X x Y and furnished with the 6-algebra Xx .y generated
by the sets U XV for U € Xx and V € Ly. The tensor unit is the singleton set I = {x} with its unique
G-algebra. The tensor product f @ f': X @ X' — Y ®Y' of Markov kernels f: X —Y and f': X' =Y’
is determined by ((x,x'),V x V') f(x,V)- f'(x',V").

States y: I — X in SRel correspond to probability measures Xx — [0,1] on X. As distinguishing
object we take 2 = {0,1}, with the discrete c-algebra X, = {0,{0},{1},2}. Measurements X — 2
correspond to Markov kernels f: X x X, — [0, 1], which are completely determined by a measurable
Sfunction x — f(x,0): X — [0,1]. Probabilities f: I — 2 thus correspond exactly with elements f(x,0)
of [0, 1]. Thus the category SRel becomes operational under Q = [0, 1] with evaluation (f) = f(x,0).

Examining realist interpretations of quantum mechanics from this categorical perspective, SRel cor-
responds to the notion of an ontological model, and since CP*[FHilb] corresponds to quantum me-
chanics, an interpretation (or an ontological theory) will correspond to some sort of translation from
CP*[FHilb] to SRel. This translation should preserve the empirical predictions of the Born rule. The
most natural translation from the categorical perspective is one that preserves the categorical structure of
composition: a functor.

Definition 9. Let C and D be operational categories with the same probabilities Q. An operational model
is a functor F: C — D that preserves the distinguishing objects F(2¢) = 2p and satisfies (F(y))p =
(y¥)c. A concrete operational model is an operational model where Q = [0, 1].

We are specifically interested in C = CP*[FHilb] and D = SRel. In this case, the only fundamental
difference between having an ontological theory and having an operational model is that the operational
model forces the translation from CP” [FHilb] to SRel to preserve composition.

To define when operational models are ontic or epistemic, we first need to define in terms of opera-
tional categories what it means for probability measures not to overlap. This leads us to the concept of
anti—distinguishabilityﬂ
Definition 10. Let C be a concrete operational category, and ¥ C C(I,A) a collection of states. A
measurement ) : A — 2 anti-distinguishes a fixed state y € ¥ if

(xow)=0, Y (xo¢)=1

pFye¥

n the literature, anti-distinguishability is also referred to as state discrimination [4].
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A state y € W is anti-distinguishable within W if there is a measurement that anti-distinguishes it. Finally,
W is anti-distinguishable if each v € W is anti-distinguishable.

Analogously, the more familiar concept of “distinguishability” is defined in the same way, but having
0 and 1 swapped, so that (y oy) =1 and Yotyew (x 0 ¢) =0. Anti-distinguishability will be of more
interest to us.

Probability measures correspond to states in SRel. According to the above definition, two probabil-
ity measures ¥ and ¢ are anti-distinguishable precisely when there exists a measurement ¥ that satisfies
0= (xoy)=[wdyand 1 = (yo¢)= [ ¢dy. Intuitively, this means that } assigns measure O to the
support of ¥ and measure 1 to the support of ¢. In other words, y and ¢ are exactly non-overlapping
measures. Operationally, the measurement ) can be thought of as an experiment that samples from a
given distribution and always rejects , but always accepts ¢. Notice that if there are only two distribu-
tions, distinguishability and anti-distinguishability are equivalent.

Definition 11. An operational model F is ontic when it maps distinct states ¥ # ¢ in C to (anti-)
distinguishable states F (y),F (@) in SRel; otherwise it is epistemic.

4 Monoidal operational models

This section is the first of several considering whether operational models with certain extra properties
can exist. The property under scrutiny in this section is preserving tensor products, that is, we set out to
establish a categorical version of the PBR theorem (see Appendix [Alfor a brief discussion of the original
PBR theorem). Recall that a functor F: C — D is monoidal when there are a natural isomorphisms
Fyp: F(A)®F(B) — F(A®B) and a morphism Fy: [ — F(I) satisfying certain coherence requirements.
This means thatif y: I — A is astate in C, then F(y)o Fy: I — F(A) is a state in D; by abuse of notation
we will simply write F(y) for this state. We will refer to an operational model in which the functor is
monoidal as a monoidal operational model.

Let us start with some properties of anti-distinguishability that hold in any monoidal operational
model. We will then establish some properties of anti-distinguishability specific to SRel.

Lemma 12. Let F: C — D be a monoidal operational model with 0 # 1 € Q, and ¥ C C(I,A) be
a collection of states. If a measurement ) : A — 2 anti-distinghuishes y € ¥, then F(x): F(A) — 2
anti-distinguishes F(Y) = {F(9) | ¢ € Y}. Therefore, if y is anti-distinguishable in ¥, then F(y) is
anti-distinguishable in F (\¥); and if ¥ is anti-distinguishable, then so is F (V).

Proof. Follows directly from Definitions [9] and [T0] O

If F: C— Dis an operational model, and y: I — A a state in C, then there is a state (F(y) @ F(y))o
AoFy: I — F(A)®F(A); where A is the left unitor of D. We will supress the coherence isomorphisms
and simply write F(y)®2. Similarly, if x: I — 2 is a measurement in C, write F()) for the induced
measurement / — 2 in D.

Lemma 13. Let F: C — D be a monoidal operational model with Q = [0,1], and ¥ C C(1,A) a collec-
tion of states. If {y*" | y € WP} is anti-distinguishable, then so is {F (y)®" | y € ¥}.

Proof. Fix y € ¥, and say y: A®" — 2 satisfies (y oy™") =0and ¥y, 2pcw (X ©9®") = 1. Now, we have
to be slightly more precise about tensor products of states under F'. Because F is a monoidal functor, the
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following diagram commutes.

1 M “en
" "
F(I) F(n)=" F(A)®"
Ar ) JF F(y)=" lF
F(;L F(1®") F(A(X)n)
F(y®")

Hence
(F(x)oF(y*" o A") o Fy) = (F(x oy o A") o Fy) = (x o y™") =0

and similarly ¥y ecw(F(x) o F(9)) = 1. O

The next two lemmas concern specific properties of SRel.

Lemma 14. Let ¢,y € SRel(I,A) be states in SRel. If {§ 9,0 Q Y,y R,y ® y} is anti-
distinguishable, then so is {¢,y}.

Proof. Say x: A®A — 2 satisfies (y o (y®y)) =0 and

(X0 (92¢))+{(xo(day)+(xo(yx0e)) =1.

By Example (8| (x o (y @ ¥)) = [,z x(a1,a2)dy(a;)dy(az). Because ¥ and y are nonnegative, the first
equation therefore implies

[ xlara)dyia) =0= [ zlaa)dy(a)
A A

for all a,a; € A. Therefore, the second equation similarly implies
I=(xo(929)+{xc(9ay) +(xo(ye9)) = A2x(a1,az)dw(a1)dw(az)

and so (xo(y®@y)) =0and (yo (¢ ®¢)) = 1.
Now define x': A — 2 by x'(a) = [, x(a,a2)dy(az). Then (¥’ oy) =0 and (¥’ o) =1 by con-
struction, so x’ anti-distinguishes ¢ and . O

Lemma 15. Let ¢,y € SRel(I,A) be states in SRel, and n > 0 a natural number. If {¢", y*"} is
anti-distinguishable, then so is {9, y}.

Proof. Say x: A®" — 2 satisfies ()} 0 ¢“") = 0 and () o y*") = 1. By Example 8}

(209™) = [ xlar,....a)dgi(ar) a6, (a,) =0.

(xoy™) = /Anl(alw--,an)dllfl(al) edy(an) = 1.
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Because y and the measures ; and ¢; are positive, it follows that for any as, . ..,a, € A:
Ax(a7a27 LR 7an)d¢(a1, e ,an) = O

Define x': A — 2 by x'(a) = [ x(a,az,...,a,)dys(az) - --dy,(a,). Then, clearly, (xo¢) = (xo
¢0“") =0, and (y oy) = (yowy®") = 1. Thus x’ anti-distinguishes ¢ and . O

The following lemma is the abstract content of the PBR theorem, and holds for any concrete monoidal
operational model.

Lemma 16. A concrete operational model F: C — SRel is ontic as soon as there are states ¢,y €
C(1,A) and a natural number n > 0 for which {®" @ ¢“", ¢“" @ Yy y*" @ ¢©" Yy " @ y*"} is anti-
distinguishable.

Proof. By Lemmas and the set {F(¢)*" @ F(¢)*",F(¢)®" @ F(y)*" F(y)*" ®
F(9)*" F(y)*" @ F(w)®"} is anti-distinguishable in SRel. By Lemma therefore the set

{F(¢)®" F(y)®" is anti-distinguishable. ~Lemma now guarantees that F(¢) and F(y) are
anti-distinguishable. Hence F is ontic. O

We can now finish the proof of our categorical analogue of the PBR theorem by constructing specific
states in CP”" [FHilb).

Theorem 17. Any monoidal operational model CP*[FHilb] — SRel is ontic.

Proof. It suffices to satisfy the hypotheses of Lemmafor CP*[FHilb]. As explained in the proof sketch
of Theorem there is an anti-distinguishing measurement when y = |0) and ¢ = |+), according to
equations (7)—(10). Furthermore, for any pair of states Y, ¢ there exists an integer n > 0 such that
| (w="[9°") | < (0]+) = 1/v/2, because [ (y*"|¢“") | = | (y|¢)|" and | (y|¢) | < 1. By applying a unitary
if necessary, we may assume without loss of generality that (y | ¢) is real.

Following [20], write (y®"|¢®") = v, and consider the morphism &: p - KopK, + K1 pK; with
Krauss operators

Ko = 10) (0] +tany|1) (1], Ki= (\/Hj“”) (10) + 1) 1.

As is shown in [20]], up to global phases:
E(w ) W) =10) (0] E(¢%") (¢™"]) = |+) {+]

By first applying & and then performing the measurement given by the projections (7)—(I0), it fol-
lows that {y®" @ y®" y®" @ ¢“" ¢“" @ y®" ¢®" @ ¢} is anti-distinguishable. (A different anti-
distinguishing measurement is considered in [27].) ]

There are a two important differences between Theorems [1'7] and the original PBR theorem (The-
orem [27). First, operational models are more restrictive than ontological theories due to the map-
ping between categories being a functor. Second, the cartesian product assumption of the prepara-
tion independence postulate (Definition [26)), only asks that the set of product states map to a product
space in the ontological theory. However, the requirement that a functor is monoidal forces tensor
products of Hilbert spaces (or rather C*-algebras) to be mapped to products of measurable spaces.
Dealing with product states in particular may be modelled by precomposing with the identity functor
(CP"[FHilb],®) — (CP*[FHilb],®) that is oplax monoidal by ¢ x y — ¢ @ y.
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5 Duality-preserving operational models

Next we consider operational models that respect a duality between states and effects In CP" [FHilb],
any state p: I — A induces an effect x: A — C? via the Born rule x(a) = (p,1— p) for p = Tr(pa)E]
In SRel, any state 4 on a measurable space A induces a measurement ) : A — [0, 1] via evaluation
x(A) = u{A}. This requires singletons {A} to be measurable sets. This holds for discrete c-algebras
and Borel o-algebras and hence is fine when working with probability distributions or measures on
topological spaces. But in general it is not guaranteed and so forces us to restrict to a full subcategory of
SRel, say BRel. Up to this subtlety, both CP"[FHilb] and SRel thus canonically preserve duality in the
following sense

Definition 18. A state-measurement duality on an operational category is a family of functions
t: C(I,A) — C(A,2). A duality-preserving operational model is an operational model between oper-
ational categories with state-measurement duality that preserves the duality: F(p") = F(p)".

Proposition 19. There does not exist a duality-preserving operational model CP* [FHilb] — BRel.

Proof. By definition, for two states p,p’: C — A in CP"[FHilb], their overlap is (pTop’). A duality-
preserving operational model F must satisfy (07 o p’) op* i) = (F (p) o F(p"))sre- In other words, an
operational model is dagger exactly when it is maximally epistemic. But any maximally epistemic onto-
logical theory must be noncontextual and outcome deterministic [21]], which contradicts the contextuality
of quantum theory. Hence such a model cannot exist. O

6 Equivariant operational models

In this section, we consider another property of operational models: symmetry. This property forces the
operational model to adhere to the Schrodinger equation. A natural further step is to force adherence un-
der all possible dynamics. In the categorical setting, we can naturally express this as equivariance under
all quantum channels. The simple fact of functoriality of operational models will show that equivariance
implies symmetry, and so, following Aaronson et al [1], rules out maximally nontrivial operational mod-
els. To phrase these properties there is a price to be paid, namely that there must be a connection between
the ontic spaces and the dynamics.

Definition 20. Let F: CP" [FHilb] — SRel be a concrete operational model. An action is a map
CP’[FHilb](A,B) x Yra) = Lp(p), that turns a completely positive map f: A — B and a measurable
set U € Lpy) into a measurable set f-U € Ly p), satisfying (go f)-U=g-(f-U) andid-U =U. The
operational model is equivariant when

F(fop)(x,U)=F(p)(x.f-U) 2

forallp: C— Aand f: A— A in CP*[FHilb] and U € Lr)-

2The terminology “duality” is not ideal, because in general not every measurement may be induced by a state, as is the case
in quantum theory. But “state-induced-measurement-preserving operational model” is a mouthful.

3 Although CP* [FHilb] is a dagger category [8], this state and this effect are not each other’s dagger, as their type mismatches.
Instead, they correspond to each other through the dagger of the underlying category FHilb. This point of view is not uncommon
in categorical quantum foundations [6} 29].

4The category SRel does not have a dagger either [2, Section 7.3], but we abuse notation to let dagger denote the state-
measurement duality.
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When we demand that F(A) is A itself under its discrete c-algebra, there is a canonical action
CP*[FHilb](A,B) x 4 — Xp given by f-U = {f(1) | A € U}. This requirement, that ontic states
are simply quantum states, is not particularly strong. The model of Example [3|satisfies it (although it is
not an operational model). Moreover, this functor is universal, in that any concrete operational model
CP*[FHilb] — SRel must factor uniquely through the functor into the pertinent subcategory of SRel, that
assigns the discrete o-algebra to A itself and turns a completely positive map f: A — B into the Markov
kernel (a,V) — xv(f(a)).

Proposition 21. There is no maximally nontrivial equivariant operational model CP* [FHilb] — SRel.

Proof. Restricting the canonical action to pure states p = |y) (y| and unitary evolutions f(a) = uau' for
some unitary u € A recovers from (2)) the property of symmetry as stated in [1]:

My (A) = oy (ud),

whnere enotes the measure mauce the state = . e result tollows trom .
here 1y, d h F(p) induced by th p = |¥) (w]. The result follows from [1]. O

7 Signed operational models

We’ve seen severe limitations on the kinds of functors CP*[FHilb] — SRel allowed. What if we change
the target category? Ideally not too much, to retain some notion resembling probability theory. To do so,
note that, as in Section one of the fundamental differences between CP* [FHilb] and SRel is that states
that are not anti-distinguishable in SRel cannot become anti-distinguishable under finite tensor products.
This is not the case with quantum states. What makes the two situations so different? Lemmas[I4]and [15]
highlight that the distinction stems from the fact that classical probability distributions must be positive
and obey the Kolmogorov sum rule. In contrast, quantum states are represented as vectors of amplitudes
that can be both positive and negative (and in general even complex). Consequently quantum states are
subject to interference, which cannot be reproduced with classical probability distributions. A natural
idea is to allow measures to take both positive and negative values, leading to a category whose objects
are still measureable spaces, while morphisms are signed Markov kernels. (An alternative solution, that
still uses positive measures, is to abandon the Kolmogorov sum rule. This approach leads to quantum
measures, but presents a number of challenges discussed in Appendix [B])

Definition 22. A signed Markov kernel from a measurable space (X,Xx) to a measurable space (Y,Xy)
is a function f: X X Ly — [—1,1] such that f(—,V): X — [—1,1] is a bounded measurable function
for each'V € Ly, and f(x,—): Ly — [—1,1] is a signed measure for each x € X. Signed measures
have the same properties as unsigned measures, except that they can be both positive and negative. In
particular, they still obey the Kolmogorov sum rule for disjoint sets. We will require that a signed measure
is normalised: for all x € X it should be the case that f(x,Y) = 1.

Proposition 23. Measurable spaces and signed Markov kernels form a category QSRel with composition
(go f)(x,W) = [g(y,W)f(x,dy), that is monoidal under f @ f": ((x,x'),V x V') — f(x,V)-f' (X', V).

The category is called QSRel because probability distributions arising from signed measures are
referred to as quasiprobability distributions.

Proof. The proof of e.g. [25, Proposition 3.2] goes through nearly verbatim. Only the very last step,
using the monotone convergence theorem, has to be amended: split the sequence into a positive part
and a negative part using Hahn decomposition, apply monotone convergence to both, and then combine
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them again by subtracting the negative from the positive. Alternatively, one can realise that a Giry-like
monad [[13]], that assigns to a measureable space its set of signed measures, is still well-defined and
monoidal, and QSRel is its Kleisli category. O

Replacing SRel by this quasiprobabilistic analogue, we can have a monoidal operational model.
The idea of having a quasiprobabilistic interpretation of quantum mechanics has been considered before,
notably in [[11]. One possible construction that is physically motivated relies on Wigner functions [34]. A
Wigner function of a quantum state is a quasiprobability distribution over the phase spaceE] associated to
that space. This construction, particularly for the case of finite dimensional Hilbert spaces, is described
in [[12] [14], whose approach we follow.

Theorem 24. There is an epistemic operational model CP”[FHilb] — QSRel. It is in fact maximally
epistemic up to a factor, in that (1)) holds up to a multiplicative constant.

Proof. We may without loss of generality restrict to C*-algebras of odd dimension, by consider the
functor CP*[FHilb] — CP*[FHilb] that maps C*-algebras of odd dimension to themselves, C*-algebras
A of even dimension to A @ C; on morphisms, it embeds a completely map into the top-left corner of a
block matrix whose other entries are zero. Furthermore, extending by direct sums, we may restrict to
C*-algebras M, of all n-by-n matrices for odd n.

Our construction starts with, for each odd number 7, a family A, of n*> many n-by-n matrices with
the following properties:

1. 6 =o' foreach o € A,;
2. Tr(c) = 1 and 62 = 1 for each & € A,;
3. Tr(ot) = 0 for distinct 0,7 € A,.

We will see later that such a family indeed exists. Observe that A, is an orthonormal basis for M,, under
the Hilbert-Schmidt inner product. We may read the fact that any completely positive map f: M, — M,
is completely determined by its action on A, as saying that the effect of a quantum channel is completely
determined by how it acts on a tomographically complete set of observables. Thus it is completely
determined by its transfer matrix f;; = Tr(o;' f(07}")) /m. Note that the dimension of the transfer matrix
2 xm?.

Suppose for a minute that f: M, — M, implements a function f': {1,...,m*} — {1,...,n*} via
fij = 6p13),j> we call such a map f a point channel. If g: M, — M, is another point channel, it follows
from properties 2 and 3 that:

isn

(80)ij =Te(67 001/ P = 8g(s(1))

2

2 2
n 1 n mm n
/;1 Oj.g(k) Ok p(i) = %];Tr(cfojﬁ(k))Tr(ok Ofy) = kz,lgikfkj.

Because any channel f is a normalised linear combination of point channels, it follows that the matrix of
go f of a composition is the multiplication of the matrices of g and f.

Next, the fact that A, is an orthonormal basis implies that any density matrix p € M, is deter-
mined by the coefficients v;(p) = Tr(po;)/n as p = Y. vi(p)o;. Because Tr(po;) is the expectation
value of 0; when measuring the state p, in fact —n < v;(p) < n. We will regard the normalised vector

SLoosely speaking, phase space is the space of all possible position and momenta for a quantum system. See [12]] for a
description of the concept in the case of finite dimensional systems.
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v(p) = (vi(p),...,va(p))/n as the quasiprobability distribution associated to the state p, and more gen-
erally the normalised matrix f;; as the stochastic map associated to the channel f. That is, the functor
F: CP[FHilb] — QSRel sends an object M, to the set A,, under the discrete o-algebra, and it sends a
morphism f: M,, — M, to the signed Markov kernel F f: A,, x X5, — [—1, 1] given by

Ff(o,W) =) ((fi)v(0))

kew

where for ease of notation we pretended that W contained indices of matrices from A, rather than the
matrices themselves. Intuitively, the map F f takes an input quasiprobability vector, applies the transfer
matrix f;;, and thus obtains an output quasiprobability vector.

Observe that indeed f(—,W): A,, — [—1,1] is a bounded measurable function, and that indeed
flo,—): Ep, = [—1,1] is a signed measure. Condition 2 ensures that the quasiprobability distribu-
tions are normalised. Thus F is well-defined. It is a functor, because, as we have seen, composition is
preserved when moving from morphisms to their transfer matrices.

We interpret this functor as assigning Wigner functions to quantum states. Specifically, the
quasiprobability vector v(p) is the Wigner function associated to the state p. These quasiprobability
distributions are defined over phase space. The operators ¢ € A,, are known as phase space point opera-
tors and are observables associated to each point in phase space. Describing them in detail is beyond the
scope of this paper, and we refer the reader to [12, [14] for the appropriate details. For our construction,
it is sufficient that such operators exist and satisfy conditions 1-3.

It remains to show that the operational model F is maximally epistemic up to a factor: that the overlap
of quantum states matches that of their Wigner functions up to a multiplicative constant. Consider two
density matrices p, T € M,,. Their trace distance is given by

1
fTr (lp—1|) = Z|Vz 7)|Tr(|oi).

Now condition 2 implies Tr(|o;|) = n, and therefore the trace distance is 5 Y./ | [v;(p) — v;(7)|. But this
equals the variation distance between the two Wigner functions. It follows that whenever two quantum
states have nontrivial overlap, their Wigner functions will also have nontrivial overlap. O

Remark 25. The epistemic operational model of Theorem|24|is in fact monoidal when restricting to the
subcategory of CP”* [FHilb] of odd-dimensional C*-algebras (and taking C* as distinguishing object).

Proof. The tensor product of two completely positive maps fi: M, — M,, and f>: M,,, — M, is
J1® fo: My m, — My, p,. For odd m and n, the operators of A,, ® A, again satisfy properties 1-3 in the
proof of Theorem [24] Bilinearity of the tensor product thus shows that the transfer matrix of fi ® f> is
the tensor product of the transfer matrices of f; and f>. [
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A The PBR theorem
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Definition 26. An ontological theory of quantum mechanics satisfies the preparation independence pos-
tulate (PIP), if given Hilbert spaces Hy and H,, with associated ontic spaces A; and Aj:

Cartesian product assumption (CPA) Let {|y) ® |9) | |y) € H1,|9) € Hg} be the set of all product
states in Hy @ Ha. Its ontic space is A1 X Ay, with 6-algebra X5, @ Xx,.

No-correlation assumption (NCA) Given states |y) € H, and |¢) € Hp, with associated measures
My Xp, — [0,1] and py: En, — [0,1], the measure Wysg: Xa, @ Xp, — [0,1] associated to
|w) @ |9) is determined by

Mysgp (U x V) = py (U)o (V)
forallU e X5, andV € ZAzﬁ

Theorem 27 (PBR [27]). Any ontological theory of quantum mechanics satisfying PIP must be ontic.

Proof sketch. We will merely sketch the general ideas behind the proof. For the full proof see [27] or
[20]. Suppose we have an epistemic ontological theory of quantum mechanics. This means that there

Note that for sets Z € XA, ®Xp, that cannot be expressed as Z = U x V with U € X5, and V € X,,, we simply use the
Kolmogorov sum rule, which states that for any disjoint U,V € X and any measure u: ¥ — [0, 1] it is the case that u(UUV) =
w(U)+u(V). Specifically, any set Z € X5, ® X, can be expressed as a countable union of (cartesian) products of sets from
X, and X, . Knowing the value of [ty on those sets and using the Kolmogorov sum rule determines its value on any set Z.
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exists a pair of distinct quantum states that have overlapping support in their distributions over ontic
states. If |0) and |+) are two such states, then

D(uo, v ) < 1. (3)

Now suppose we have two agents, Alice and Bob, that independently prepare either the |0) or the |+)
states and send them to a third agent, Eve. The states that Eve can possibly receive are |0), |0)p,
|0)4 |+) s [+)410) 5, and |+),|+) 5. By the preparation independence postulate, the ontic space asso-
ciated to these states is the product of the ontic spaces for Alice and Bob’s states and the measures will
be product measures. Using subadditivity of the variational distance, together with inequality (3) and the
fact that D(u,v) = D(v, i), for any measures 4 and v:

D(oo, o+) <1 D(Ho0, f10) <1 (4)
D, fot) <1 D, fio) <1 ©)

What about D(oo, t++)? From inequality (3)), we conclude that the measures associated to |0) and |+)
have nontrivial overlap. But given that the measures associated to |0), |0) and |+) . |[+)5 are product
measures, this means that they will also have nontrivial overla

D(too, ti+) < 1 (6)

Now inequalities (@)—(6) provide a subset of ontic states A € X4p5, A # 0, such that pg(A), Uo+(A),
Kio(A), and py (A) are all strictly positive. Figure|[I]illustrates this fact.

Figure 1: Schematic illustration of the ontic space. The coloured regions represent sets in ontic space on
which the distributions have non-zero support. For instance, the blue region corresponds to those ontic
states on which Lgg has non-zero support. Notice that all four states overlap in the middle region, A.

Suppose now that Eve performs a projective measurement on her two qubits, defined by the following

7 Another way of saying this is that if D(u,v) < 1 then D(u x , v x v) < 1, for any two measures y and v.



A. Gheorghiu & C. Heunen 15

two-qubit basis vectors:

) = 50041511410} ™
1) = 5 (1004 1=+ 114 14)5) ®)
1) = 5 (0410 + 114 100) ©)
26 = 5 (Hal-)s 104 1)) (10)

Because we are considering an epistemic model, we will associate a response function to each of these
outcomes and denote them &;,&,,&3,E4: Agp — [0,1]. Now

(00[x1) = (0+[22) = (+0[x3) = (++|xa) = 0.

In other words, whatever outcome Eve obtains from her measurement, it will certainly rule out one of
the four possible states that she received. But then:

| S1(A)dia(2) =0 | S2(A)dpo(4) =0

| &@dwo2) =0 [ &an, ) =0
Aup A,

Since there exists a non-trivial A such that ioo(A), o+ (A), tio(A), i+ (A) > 0, it must be the case that
forall k € {1,2,3,4} and for all A € A, &(A) = 0. However, this contradicts the fact that

4
Y &) =1
k=1

forall A € Ayp.

This argument assumed that the states having non-trivial overlap in ontic space are |0) and |+).
PBR showed that the above argument can be generalized for any pair of states |y) and |¢) with 0 <
[{(w|¢)| < 1. In fact, in the simple proof given above, the only place that explicitly used |0) and |+)
was to define Eve’s entangled measurement. The generalization of PBR consists in showing that Eve
can always construct such an entangled measurement for n-fold tensor products of |y) and |¢) if n is
sufficiently large. The intuition for this, as explained in [20], is the following. Suppose one considers two
states |y) and |@) such that | (w | ¢) | < 1. Clearly, there exists an n > 0 such that | (y®" | ®") | < 1/1/2.
We also know that (0 | +) = 1/+/2. If the inner product between |y)®" and |¢)*" is at most that between
|0) and |+), that is, if [y)*", |¢)" are at least “as distinguishable” as |0) and |4), then there exists a
mapping from |y)®" to |0) and from |¢)*" to |+). Eve can then perform the previously described
anti-distinguishing measurement. O

B Quantum measures

Section [/| showed one way to evade the PBR obstruction: replace ordinary probability measures with
signed measures. Another option is to allow positive measures that can violate the Kolmogorov sum
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rule. These measures should not be completely unconstrained, and should still reproduce the Hilbert
space inner product. There is a natural candidate that satisfies these properties, namely quantum measures
(sometimes also called quantal measures) 30,31} 28, 24,33, [10]. We give two equivalent definitions of
quantum measures, taken from [[10]:
Definition 28. Let A be a measurable space with associated G-algebra £,. A quantum measure over X
is a function W: X5 — [0, 1] satisfying the following properties:

e Positivity. ForallU € £, u(U) > 0;

o Normalisation. L(A) = 1;

e Quantum sum rule. For all pairwise disjoint sets U,V,W € L:
HUUVUW) =p(UUV)+u(UUW)+pu(VUW) —pu(U) — pu(V) — n(W).

An equivalent characterization uses decoherence functionals, first considered in [9], which yields a
natural notion of inner product over a c-algebra.
Definition 29. Let A be a measurable space with associated 6-algebra ¥. A decoherence functional is
a function 9. Xx X Lp — C satisfying the following properties:

e Hermitian. For allU,)V € X, 2(U,V)=2(V,U)*;

e Normalisation. D(A,A) = 1;

e Finite bi-additivity. For all U € X5 and all mutually disjoint sets V,...,V, € Lp:

n m
72U, Jvi) =Y, 2(U,v;)
i=1 i=1
Similarly, for all V € X5 and all mutually disjoint sets Uy,...,U, € XA:

n m
2(Juiv)=Y. 2(U,v)
i=1 i=1

e Strong positivity. For any U,...,U, € X, the n x n matrix 2(U;,U;) is positive semidefinite.

As shown in [9], the decoherence functional allows for an alternative definition of the quantum
measure: if & is a decoherence functional on a measurable space A with o-algebra X4, then p: X5 —
[0,1] given by u(U) = 2(U,U) is a quantum measure over L.

Instead of the functor taking values in SRel, one might envision a receiving category whose states are
quantum measures rather than probability measures. Objects would still be measurable spaces, as before.
But morphisms, instead of being Markov kernels, would now be functions f: X x Xy — [0, 1] such that
f(=,V): X —[0,1] is a measurable function for each V, and f(x,—): Xy — [0, 1] is a quantum measure.
This seems to be monoidal as before. The problem is that it is unclear how to define composition of such
morphisms. We would like to say that (go f)(x,W) = [ g(y,W)f(x,dy). But that needs a good notion
of integration against quantum measures, as it is unclear whether (go f)(x,—) is again a well-defined
quantum measure. Moreover, associativity of this composition seems to come down to a Fubini-type
theorem. Such a theory of quantum integration seems only to be embryonic as of yet [[16}[15], presumably
because so far quantum measures have mostly been used to model causal sets, in which context integrals
do not naturally fit.

Trying to define the desired category as the Kleisli category of a Giry-like monad, that takes a mea-
surable space X to the set Q(X) of quantum measures on it, runs into similar issues. The unit, given by
Dirac delta functions, is still well-defined because probability measures are certainly quantum measures.
But it is unclear whether the natural candidate for the multiplication, that sends ® € Q(Q(X)) to the
function that assigns to U € Xx the number [P ({¢ € Q(X) | ¢(U) > t})dt, is well-defined at all.
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