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1 Introduction

Different quantum structures emphasize different aspects of quantum reasoning. In this paper, we focus
on two types of quantum structures. One structure is a complete orthomodular lattice, whose points
are viewed as testable properties of a quantum system. While these structures are natural settings for
reasoning about the properties of a system, they leave implicit important quantum structures, such as
quantum actions. The other structure is the quantum dynamic algebra, a quantale augmented with an or-
thocomplementation. A quantale is a complete lattice with an additional semi-group (often a monoidal)
operator, and this additional operator is viewed as function composition, with the lattice points abstrac-
tions of functions. In this way, quantales are often described as abstractions of operator algebras such as
C*-algebras, though their connection to orthomodular lattices or even the more restrictive Hilbert lattices
(lattice of closed subspaces of a Hilbert space) has received little attention. Quantum dynamic algebras
were proposed in [1]] as providing a type of algebraic quantum structure that makes actions first-class
citizens. While the primary purpose of these structures in that work was to connect them to quantum dy-
namic frames, a graph-like counterpart to the Hilbert lattice, their paper did more to suggest connections
than to establish rigorous equivalence, and it did not involve categorical structure.

This paper establishes a categorical equivalence between complete orthomodular lattices and ortho-
modular dynamic algebras, a type of quantum dynamic algebra. This equivalence clarifies how dynamics
arises from Hilbert lattices, and establishes a clearer connection between quantales and orthomodular lat-
tices, thus clarifying how they can be used for quantum reasoning. For this purpose we construct a pair
of functors from each category to the other such that the composition of the two functors (composed in
either way) is naturally isomorphic to the corresponding identity functor. Categorical equivalences and
dualities such as this have been extensively studied in the literature, for example those between quan-
tum geometries and quantum lattices (between Hilbert geometries and propositional systems, as well as
projective geometries and projective lattices), as given in [[6], or categorical dualities include those be-
tween quantum lattices and quantum graph-like structures (between Piron lattices and quantum dynamic
algebras), as given in [2]]. These results allow us to establish meaningful relationships among different
structures and to help transfer results about one structure to results about another.
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2 The Categories

2.1 The Category L of Complete Orthomodular Lattices

In an ortho-lattice £ = (L, <,—=), for each p € L, we can define an important pair of operations called
the Sasaki projection (onto p) and Sasaki hook (from p) [5]:

fp:L—>L::q»—>p/\(pLVQ), fPiL—L:g—pV(pAg).

A crucial fact about this pair of order-preserving maps is that £ is orthomodular if and only if, for every
p €L, fpis left adjoint to f? [3l]. An ortho-lattice isomorphism, or L-morphism, from an ortho-lattice
£1=(L,<y,—1) to £ = (L, <5, —12) is a function k : Ly — Ly such that, for any py,q; € L1,

1. kisabijection; 2. p1 <iq1 < k(p1) <ok(q1); 3. k(py') = (k(p1))*2.

Complete orthomodular lattices equipped with ortho-lattice isomorphisms form a category L.

2.2 The Category Q of Orthomodular Dynamic Algebras

A generalized dynamic algebra is a tuple Q = (Q,| ], -,~) consisting of a non-empty set Q equipped with
functions | |: 2(Q) — Q,-: O x Q — Q and ~ : Q — Q. We can define the following constructions on a
generalized dynamic algebra.

;déf{(x,y)eQXQlLl{xvy}zy} P = {~x|xe 0}
jg{(p,q)eﬁgxyﬂ|V{PaQ}:q} de:“NNUX,fongL@Q
X Ay (x-y) NX =~ HvrlxexhforX € 2q

== {(x,y) | "x7(p) ="y (p), for p € P}

Welet I S {xecQlx=p--- Pn, for some n € Nt and py,...,p, € Pq} be the smallest subset of
Q containing £ which is closed under the operation -, and will drop the subscript £ when clear. An
orthomodular dynamic algebra is a generalized dynamic algebra Q = (Q,| |, -, ~) such that

4. (Q,C,) is a quantale, and | | is the arbitrary join.
5. (£,=,~) is a complete orthomodular lattice;
6. If X is such that, 2 C X C Q and X is closed under the operation - and | |, then X = Q (minimality);
7. forany X,Y C .7, |X =|]Y,if and only if X =Y (sets);
8. forany x,y € .7, x =y if and only if x = y (completeness);
9. forany p,q € 2, "p(q) = f»(q),i.e. ~~(p-q) = pA(~pV q) (Sasaki projection);
10. "x7(y) = "x7(~nvy), for each x,y € Q (composition).
A function 6 : Q1 — Q> is a Q-morphism from an orthomodular dynamic algebra Q; = (Q1, |y, 1,~1)
to Q2 = (02, h,2,~2), if:
11. O restricted to &) = {~x | x € Oy} is an ortho-lattice isomorphism from (2, <, ~1) to (2, =<2,~2);
12. 6 preserves | | and -, i.e. forany A} C 2 and x1,y; € 21, 0(;A1) = 0]A1] and O(x; -1 y1) =
6 (x1)26(x2)
Orthomodular dynamic algebras equipped with Q-morphisms form a category Q.
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3 The Equivalence

To establish the equivalence, we define functors F : L — Q and U : Q — L and natural isomorphisms
T:1p, - UoF and n: 1g — FoU. The functor F builds, from a complete orthomodular lattice, an
orthomodular dynamic algebra of sets of functions on the input lattice, while mapping each morphism &
to a function on sets of functions that conjugates each element of the input by k. The functor U collapses
a quantum dynamic algebra £ to its set Py of “testable properties” (the image of ~), while mapping
each morphism to its restriction to testable properties. We provide precise definitions as follows.

The functor F : I — Q maps an orthomodular lattice £ = (L, <, —) to the quantum dynamic algebra
consisting of sets of functions on L that are compositions of functions f, for p € L. Let % be the
smallest set containing { f,, | p € L} and closed under function composition o; recall that f), is the Sasaki

projection onto p. Define 2 = @(.Z7) and let
1 2x2—2:A-B—{aocbe Fr|lacAandb € B}, and ~: 2 — 2 A= {fiyia(|aca -

It is easy to see that the tuple F(£) = (2,J,-,~) is a generalized dynamic algebra. We show that F(£)
is an orthomodular dynamic algebra by verifying the conditions (4)—(10) in the definition. The functor F
maps each L-morphism & from £; = (L, <;,—1) to £, = (L2, <3, —"?) to a mapping F(k) : 2| — 2,
that conjugates each element of the input set: i.e. F(k) :: Aj — {koaok™! |a; € A;}. We show that F(k)
is a Q-morphism from F(£;) to F(£,) and establish F as a functor from L to Q.

In the other direction U : Q — L maps a quantum dynamic algebra Q = (Q,| |,-,~) to (£, =<,~)
with & = {~x | x € 0}, and we show that (£, <, ~) is indeed a complete orthomodular lattice. For each
Q-morphism 60 : Q; — Q5 let U(0) be the restriction of 6 to &7;. We show that U(6) is an L-morphism
from U(Q) to U(Q») and hence establish U as a functor from Q to L.

For each complete orthomodular lattice £ = (L, <,—1), we let te(p) = {f,} and show that T : 1, —
UoF is a natural isomorphism. Similarly, for each orthomodular dynamic algebra Q = (Q,| |,-,~), we
define a function 1g : 1g(Q) — (FoU)(Q) as ng ::x = {pg - Plmy [TEL} = {fpi 00 fp |
i €1} where p(; jy € Pq, foreach (i, j) € U;e,({i} x {1,...,n;}). We show that for each Q = (Q,[ |, -, ~),
Ngq is an isomorphism in Q and 1 satisfies naturality and hence 1 : 1g — F o U is a natural isomorphism.
Finally, we come to the conclusion of this paper.

Theorem 1 (F,U,1,n) forms a categorical equivalence between 1L and Q.

Remark 3.1 Had we replaced complete orthomodular lattice with a more restricted type of lattice such
as a Hilbert lattice or Piron lattice, we could then show these quantum dynamic algebras are categor-
ically equivalent to the corresponding category of latices (Hillbert lattice or Piron lattice with ortho-
lattice isomorphisms) using the same functors and natural isomorphisms as we use here. The proof
remains exactly the same. This thus establishes a link between quantum dynamic algebras and Hilbert
spaces (or other important quantum structures) via these stronger lattice structures, particularly the
Hilbert lattices.

References

[1] Baltag, A., Smets, S.: Complete Axiomatizations for Quantum Actions. International Journal of Theoretical
Physics 44(12), 2267-2282 (2005)

[2] Bergfeld, J.M., Kishida, K., Sack, J., Zhong, S.: Duality for the logic of quantum actions. Studia Logica pp. 1-
25 (2014). DOI 10.1007/s11225-014-9592-x. URL http://dx.doi.org/10.1007/s11225-014-9592-x


http://dx.doi.org/10.1007/s11225-014-9592-x

(4]

(5]

(6]

Please define \titlerunning

Coecke, B., Smets, S.: The sasaki hook is not a [static] implicative connective but induces a backward
[in time] dynamic one that assigns causes. International Journal of Theoretical Physics 43(7-8), 1705-
1736 (2004). DOI 10.1023/B:1JTP.0000048815.92983.6e. URL http://dx.doi.org/10.1023/B%3AIJTP.
0000048815.92983.6e

Kishida, K., Rafiee Rad, S., Sack, J., Zhong, S.: Categorical equivalence between orthomodular dynamic
algebras and complete orthomodular lattices. International Journal of Theoretical Physics 56(12), 4060—4072
(2017). DOI 10.1007/s10773-017-3433-4. URL https://doi.org/10.1007/s10773-017-3433-4

Sasaki, U.: Orthocomplemented Lattices Satisfying the Exchange Axiom. Journal of Science Hiroshima
University A 17,293 — 302 (1954)

Stubbe, I., van Steirteghem, B.: Propositional systems, Hilbert lattices and generalized Hilbert spaces. In:
K. Engesser, D.M. Gabbay, D. Lehmann (eds.) Handbook of Quantum Logic and Quantum Structures, pp.
477-523. Elsevier Science B.V., Amsterdam (2007). DOI http://dx.doi.org/10.1016/B978-044452870-4/
50033-9. URL http://www.sciencedirect.com/science/article/pii/B9780444528704500339


http://dx.doi.org/10.1023/B%3AIJTP.0000048815.92983.6e
http://dx.doi.org/10.1023/B%3AIJTP.0000048815.92983.6e
https://doi.org/10.1007/s10773-017-3433-4
http://www.sciencedirect.com/science/article/pii/B9780444528704500339

	Introduction
	The Categories
	The Category L of Complete Orthomodular Lattices
	The Category Q of Orthomodular Dynamic Algebras

	The Equivalence

