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I. INTRODUCTION

The steady development of quantum technologies over
the past few years has also had an impact on timekeeping.
Indeed, today’s most accurate clocks are sophisticated
quantum devices [2-4]. There are also fundamental rea-
sons suggesting that it is favorable to exploit quantum
phenomena when building clocks. For example, in a re-
cent work by Woods, Piitz, Stupar, and two of the present
authors [5], it was shown that clocks built with quantum
systems can be quadratically more accurate than clocks
built with classical systems of the same dimension.

However, this result concerns single clocks, which are
isolated from each other. Here we ask whether interaction
between such clocks can provide an enhancement of the
time information produced by them. An answer to this
question would inspire new mechanisms of more reliable
time-tracking and with that contribute to research on the
frontier of physics.

Concretely, we consider a setting where an internal
clock receives a signal as input, possibly generated by
another clock (denoted as the input clock), and produces
a clock signal that is more accurate than both the in-
put signal and the internal signal, as illustrated in Fig.
1. Simple as it is, this setting captures the essence of
enhancing clocks and can be readily generalized to more
complex settings. For instance, atomic clocks [3, 4, 6] are
based on a similar idea of having a clock input its ticks
into a congregation of atoms. Radio clocks also have
the same structure where local clocks enhance their ac-
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FIG. 1. The accuracy enhancing task. An internal clock
system with fixed dimension receives a clock signal from an
input clock and produces an enhanced clock signal as out-
put. The performance of the protocol can be further improved
when feedback on the input clock is allowed.

curacy by receiving broadcast clock signals. We propose
protocols where an internal system of dimension d < oo
enhances the accuracy of an input clock signal. We show
that, with a d-dimensional quantum system, it is possible
to improve the accuracy of the input signal up to a factor
of d (see Section IIT), outperforming other protocols that
do not employ quantumness (see Section IV). Our pro-
tocols can be applied to designing highly accurate clocks
and to establishing synchronization between clocks in a
network.

II. ACCURACY MEASURE

We model clocks as devices that output discrete se-
quences of ticks. (Note that in this work we consider the
fundamental task of producing clock ticks, which should
not be confused with the task of clock synchronization as
is often considered in quantum metrology [7-9].) An ac-
curate clock is expected to produce highly regular ticks.
This regularity can be captured by the clock’s ability to
time events, i.e. we can assign the time tag “j” to an
event if it happens after the j-th tick of the clock and
before the (j + 1)-th tick of the clock. A clock is more
accurate if it has higher chance to time-tag an event un-
ambiguously. Given a tail probability threshold e, it is
possible to find a narrow interval on the timeline such
that we know, with confidence 1 — ¢, that a certain clock
tick arrives within the interval. Then, whether a random
event’s time tag is ambiguous depends on whether it falls
outside or within those intervals: If the event happens
outside the intervals, then its time tag is unambiguous,
but not if it happens inside an interval. The chance of
an event being ambiguous is thus the ratio of the width
of an interval to the distance between the intervals, and
thus we can choose the inverse of this ratio as an accu-
racy measure. Precisely, we have the following definition
of a clock’s accuracy:

Definition 1 (Accuracy of a clock). Denoting by T the
time between the first tick and the (j 4+ 1)-th tick, a con-
fidence interval with tail probability € is defined as an
interval Cj e = (Uj.e — Lje/2, hje +2j.c/2) that satisfies

Pr [T] ¢ Cj,s] S €. (1)

For a given tail probability €, the accuracy of a clock signal
is characterized by the set of quantities R; ., defined as

Rici=swpR(C)  R(Go)=E (2
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for every j and €, where uj. and ;. are defined with
respect to the confidence interval C; .



III. ACCURACY ENHANCING PROTOCOL

Given an input clock signal, the goal of accuracy en-
hancement is to produce an output signal with as high
accuracy as possible, using an internal clock as in Fig.
1. To model the clock, we extend the concept of au-
tonomous clocks introduced in [10, 11] and developed
in [12, 13], which produce signals without an external
time reference. An autonomous clock is characterized by
two key ingredients: a clock state (which can be either
classical or quantum) and a detector which is a time-
independent measurement that constantly measures the
clock state and produces ticks [5, 11].

The most accurate autonomous clocks so far [14] are
the Quasi-ideal clocks [13],[5]. Specifically, a Quasi-ideal
clock of dimension d achieves an accuracy of d'~* for any
positive v and for any tail probability € > 0 in the limit
of large d. As in Ref. [5], we take the clock to be a reset
clock, namely that, every time it ticks, the clock state is
always reset to the same quantum state, that we refer to
in the following as its reset state.

To utilize the input signal in our accuracy enhanc-
ing protocol, we extend autonomous clocks by adding a
switch that controls the detector of the clock. Dependent
on the status of the switch, the clock system is governed
by one of two different dynamics: M., corresponding to
the case when the detector is on and the clock is produc-
ing ticks, and Mg corresponding to the case when the
detector is off and the clock evolves without being mea-
sured. In particular, when the clock is quantum, Mg
corresponds to unitary dynamics that drives the clock to
evolve periodically without any dissipation. Denote by d
the dimension of the clock. To enhance the input signal,
we require a quantum clock that becomes more accurate
as d grows large and also is resilient to fluctuations in
the switching between the two dynamics. This is made
explicit by the following clock condition:

Definition 2 (The clock condition). Consider a
quantum clock initialized in the state U (t* €
(—7() /2, 7() /2]) with a unitary evolution period of (%)
(i.e. the clock state remains the same after it evolves un-
der Mog for 7(9)). Denote by T(®) the time it takes the
clock to tick. We say such a quantum clock satisfies the
clock condition if there exist two functions Z&C) and e((ic)
of d, both vanishing in the limit of d — oo, such that for
any t* € (_T(C);ES) 7 T(C)gz(;)

holds

>, the following inequality

Pr

21—6510).

() ()
T 4+t € (T(C) ;Ed ,T(C) + 2 )

3)

One can imagine that a clock satisfying the above con-
dition has a “hand” that evolves on a clock face, and Eq.
(3) requires that the clock ticks if and only if its hand
hits a certain position (i.e. the location of the detector)

on the clock face regardless of the initial position of the
hand.

From Eq. (3), we can see that, for any ¢ > 0, a quan-
tum clock satisfying the clock condition and initiated in
the state ¥y has at least an accuracy

. ™9

= (4)
R >(0

for large enough d. The clock condition is satisfied by the
Quasi-ideal clock [5, 13] (see [1, Lemma 2] for details).

Now we are ready to introduce our protocol, which en-
hances the accuracy of input signals without using feed-
back on the input signal. The protocol requires an in-
ternal quantum clock satisfying the clock condition in
Definition 2, whose status at certain time is specified
by the tuple (U, M), where Uy denotes the state of
the clock with a hand parameter t* € (—7(¢)/2,7(¢) /2]
and M € { Moy, Mog} is the dynamics of the switch-
controlled clock.

Protocol 1 Accuracy enhancing protocol without feed-
back.
1: (Initialization) When receiving the first input tick, reset
the quantum clock to (¥o, Mon);
2: when the quantum clock ticks, produce an output tick and
set the quantum clock to (Vo, Mog);
3: when receiving an input tick, set the quantum clock’s dy-
namic to Mgy, i.e. turn on its detector.

Our main result on the performance of Protocol 1 is
summarized as the following theorem, whose proof can
be found in [1]:

Theorem 1. Consider an i.d.d. input  sig-
nal with a given e-tail  confidence interval

(u?“) — ESI))/Z, MSH) + ES“)/2) satisfying ES“) <

2u£in)/3. For large enough d, the accuracy of the
(j + 1)-th output tick of Protocol 1 satisfies
R(out) 6

> 2. Rgn) 'REIC)

Ji€i = 5j € =] €0 (5)

for any eg > € and j < 2p£in)/(32£ill)). Here R —
. N2

(uﬁ‘“)/EEI“)) is the input accuracy and Rgc) is the ac-

curacy of the internal quantum clock given by Eq. (4).

When the quantum clock in Protocol 1 is taken to be a
Quasi-ideal clock, the accuracy can be further bounded as

ou 3 i _
R;E.jt) > 5 . Rgm) . dl v (6)

for any v > 0.

The right hand side terms of Eqgs. (5) and (6) drop
as j grows, implying that the output signal becomes less
accurate after the protocol runs for a long time. It turns
out that this problem can be remedied when feedback on
the input clock that produces the input ticks is allowed.
More details of the feedback protocol can be found in [1].



IV. INCOHERENT PROTOCOLS

In view of the results above, it is natural to ask whether
a similar improvement could be achieved by means of
classical information processing, namely incoherent pro-
tocols that process the input ticks and/or the internal
clock’s ticks to produce a more accurate output signal.
While we do not have a general bound, we present here
two natural protocols and show that accuracy enhance-
ment is possible, but with a lower factor. For simplic-
ity, we omit tail probabilities in the following discussion,
which can be regarded to be fixed.

First, we show a simple protocol using a d-dimensional
classical memory that improves the input signal’s accu-
racy:

Protocol 2 An incoherent protocol achieving accuracy
enhancement by bunching input clock ticks.

1: (Initialization) Set the classical memory to the state ¢ = 0;

2: when receiving an input tick:

3: if ¢ = d — 1, then produce an output tick and reset the
memory to the initial state ¢ = 0;

4: else ¢ = ¢+ 1.

5: end if

This classical memory can also be regarded as a clock
driven by input signals. This protocol improves the ac-
curacy of the input signal by bunching the input ticks.
Notice that, due to bunching, the frequency of the input
signal is also reduced by a factor of d.

In the following we propose another incoherent proto-
col, which is capable of preserving the frequency of the
input signal. Imagine that we are given an internal clock
system with much higher frequency than the input sig-
nal. This incoherent protocol works by ignoring all ticks
of the internal clock but outputting only the one that
follows immediately after every input tick, which can be
done with the help of an additional classical bit ¢ (This
requirement does not affect our analysis, since we care
only about the asymptotic scaling of the accuracies). Ex-
plicitly, the protocol works in the following manner:

Protocol 3 An incoherent protocol achieving accuracy
enhancement by bunching internal clock ticks.

1: (Initialization) Set the classical memory to the state ¢ = 0;

2: when receiving an input tick, set the classical memory to
the state ¢ = 1;

3: when the internal clock ticks:

: if ¢ =0, then ignore the clock tick (and do nothing);

5: else (¢ = 1) produce an output tick and reset the memory
to the state ¢ = 0.

6: end if

S~

Both incoherent protocols lose some accuracy com-
pared to the coherent protocol, either by a factor of v R(¢)
or VR(0) (see [1] for the derivation). The performances
of the incoherent protocols are compared to the coherent
one in Table I. A numerical simulation, depicted in Fig.
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FIG. 2. Numerical results for comparing the coherent
protocol (Protocol 1), the input-bunching protocol
(Protocol 2), and the clock-bunching protocol (Pro-
tocol 3). The performances of different accuracy enhancing

protocols on an i.i.d. box-shaped input clock of Rgin) ~ 3
with € = 0.01 are compared. The coherent protocol (red) and
the input-bunching protocol (green) use a Quasi-ideal clock
of dimension d whilst the input-bunching protocol (blue) uses
a d-dimensional classical memory. The allowed error on the
output is chosen to be the same as the one on the input (i.e.
€0 = 0.01). The black, dotted line corresponds to the asymp-
totic lower bound on the output accuracy in Eq. (5), plotted
for a fixed clock error €/ = 0.001. The numerical simula-
tion clearly shows an approximately linear scaling for both
the coherent protocol and the clock-bunching protocol and
V/d scaling for the input-bunching protocol. One can also see
that the lower bound in Eq. (5) is quite tight even for low
dimensions.

Protocols Accuracy scaling
Coherent (Protocols 1) R . Rl
Bunching input clock ticks (Protocol 2) R . /R
Bunching internal clock ticks (Protocol 3)| /R . R(©)

TABLE I. Comparison between the asymptotic performances
of coherent and incoherent protocols.

2, shows that the protocol of bunching clock ticks, the
protocol of bunching input ticks and the coherent proto-
col (introduced in Section IIT) are all capable of achieving
an enhancement, while the performance of the coherent
protocol is clearly above that of the other two protocols.
Finally, we remark that the same idea works also in the
setting where feedback is available.

V. CONCLUSION

In this work, we proposed protocols that enhance the
accuracy of a clock signal by a factor of order d, us-
ing a quantum system of dimension d. There are two
key properties of the clock that lead to this accuracy en-
hancement. One is that, for the Quasi-ideal clock, its er-
ror is almost independent of its initial position, i.e. when
the detector is switched on. The other is that, for most
of the time in the protocol, the clock evolves without



any dissipation. These two properties originate from the
quantumness of the clock system. In this sense, our work
justifies the power of quantumness in enhancing the ac-
curacy of clocks. This point is further strengthened via
the comparison with two incoherent protocols.

1]

2]

ACKNOWLEDGMENTS

This work is supported by the Swiss National Sci-
ence Foundation via the National Center for Compe-
tence in Research “QSIT” as well as via project No.
200020 165843. We thank Mischa Woods for technical
discussions regarding the Quasi-Ideal clock.

Yuxiang Yang, Lennart Baumgértner, Ralph Silva, and
Renato Renner. Quantum accuracy enhancing protocols
for clocks. In preparation (see attached).

BJ Bloom, TL Nicholson, JR Williams, SL Campbell,
M Bishof, X Zhang, W Zhang, SL Bromley, and J Ye.
An optical lattice clock with accuracy and stability at
the 10- 18 level. Nature, 506(7486):71, 2014.

Andrew D Ludlow, Martin M Boyd, Jun Ye, Ekkehard
Peik, and Piet O Schmidt. Optical atomic clocks. Reviews
of Modern Physics, 87(2):637, 2015.

A. D. Ludlow, W. F. McGrew, X. Zhang, D. Nicolodi,
R. J. Fasano, S. A. Schaffer, R. C. Brown, R. W. Fox,
N. Hinkley, T. H. Yoon, and K. Beloy. Optical frequency
measurements at 1 x 107*® uncertainty with Ytterbium
optical lattice clocks. In 2018 Conference on Precision
Electromagnetic Measurements (CPEM 2018), pages 1-2,
2018.

Mischa P Woods, Ralph Silva, Gilles Piitz, Sandra
Stupar, and Renato Renner. Quantum clocks are
more accurate than classical ones. arXiv preprint
arXiv:1806.00491, 2018.

Andrei Derevianko and Hidetoshi Katori.
Physics of optical lattice clocks.
Physics, 83(2):331, 2011.
Vladimir Buzek, Radoslav Derka, and Serge Massar.
Optimal quantum clocks.  Physical Review Letters,

Colloquium:
Reviews of Modern

(10]

(1]

(12]

(13]

(14]

82(10):2207, 1999.

Richard Jozsa, Daniel S Abrams, Jonathan P Dowling,
and Colin P Williams. Quantum clock synchronization
based on shared prior entanglement. Physical Review
Letters, 85(9):2010, 2000.

Peter Komar, Eric M Kessler, Michael Bishof, Liang
Jiang, Anders S Sgrensen, Jun Ye, and Mikhail D Lukin.
A quantum network of clocks. Nature Physics, 10(8):582,
2014.

Paul Erker. The quantum hourglass: approaching
time measurement with quantum information theory.
Master’s thesis, Eidgendssische Technische Hochschule
Ziirich, 2014.

Sandra Rankovié¢, Yeong-Cherng Liang, and Renato Ren-
ner. Quantum clocks and their synchronisation - the
alternate ticks game. arXiv preprint arXiw:1506.01373,
2015.

Paul Erker, Mark T Mitchison, Ralph Silva, Mischa P
Woods, Nicolas Brunner, and Marcus Huber. Au-
tonomous quantum clocks: does thermodynamics limit
our ability to measure time? Physical Review X,
7(3):031022, 2017.

Mischa P. Woods, Ralph Silva, and Jonathan Oppen-
heim. Autonomous quantum machines and finite-sized
clocks. Annales Henri Poincaré, 2018.

i.e. those with analytical lower bounds on the accuracy.



Quantum accuracy enhancing protocols for clocks
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We study how interaction between clocks could enhance their production of time information. In
particular, we consider a situation where a quantum clock receives a low-accuracy clock signal as
input and ask whether it can generate an output of higher accuracy. We propose a protocol that,
with a quantum clock of dimension d, achieves an accuracy enhancement by a factor d (in the limit
of large d). If feedback on the input signal is allowed, our protocol is capable of retaining a high
accuracy for a longer time. Our protocols can be applied to designing highly accurate clocks and to
establishing synchronization between clocks in a network.

I. INTRODUCTION

The steady development of quantum technologies over
the past few years has also had an impact on timekeeping.
Indeed, today’s most accurate clocks are sophisticated
quantum devices [1-3]. There are also fundamental rea-
sons suggesting that it is favorable to exploit quantum
phenomena when building clocks. For example, in a re-
cent work by Woods, Piitz, Stupar, and two of the present
authors [4], it was shown that clocks built with quantum
systems can be quadratically more accurate than clocks
built with classical systems of the same dimension.

However, this result concerns single clocks, which are
isolated from each other. Here we ask whether interaction
between such clocks can provide an enhancement of the
time information produced by them. An answer to this
question would inspire new mechanisms of more reliable
time-tracking and with that contribute to research on the
frontier of physics.
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FIG. 1. The accuracy enhancing task. An internal clock
system with fixed dimension receives a clock signal from an
input clock and produces an enhanced clock signal as out-
put. The performance of the protocol can be further improved
when feedback on the input clock is allowed.

Concretely, we consider a setting where an internal
clock receives a signal as input, possibly generated by
another clock (denoted as the input clock), and produces
a more accurate output signal than both the input signal
and the internal signal, as illustrated in Fig. 1. Simple
as it is, this setting captures the essence of enhancing
clocks and can be readily generalized to more complex
settings. For instance, atomic clocks [2, 3, 5] are based
on a similar idea of having a clock input its ticks into a
congregation of atoms. Radio clocks also have the same
structure where local clocks enhance their accuracy by
receiving broadcast clock signals. We propose protocols
where an internal system of dimension d < oo enhances
the accuracy of an input clock signal. We show that,
with a d-dimensional quantum system, it is possible to
improve the accuracy of the input signal up to a factor
of d (see Section IIT), outperforming other protocols that
do not employ quantumness (see Section V). If feedback
on the input signal is allowed, our protocol is capable
of becoming more accurate over time (see Section IV).
Our protocols can be applied to designing highly accu-
rate clocks and to establishing synchronization between
clocks in a network (see Section VI).

II. ACCURACY MEASURE

We model clocks as devices that output discrete se-
quences of ticks. (Note that in this work we consider the
fundamental task of producing clock ticks, which should
not be confused with the task of clock synchronization as
is often considered in quantum metrology [6-8].) An ac-
curate clock is expected to produce highly regular ticks.
This regularity can be captured by the clock’s ability to
time events, i.e. we can assign the time tag “;” to an
event if it happens after the j-th tick of the clock and
before the (j + 1)-th tick of the clock. A clock is more
accurate if it has higher chance to time-tag an event un-
ambiguously. Given a tail probability threshold e, it is
possible to find a narrow interval on the timeline such
that we know, with confidence 1 — ¢, that a certain clock
tick arrives within the interval. Then, whether a random
event’s time tag is ambiguous depends on whether it falls
outside or within those intervals: If the event happens
outside the intervals, then its time tag is unambiguous,



but not if it happens inside an interval. The chance of
an event being ambiguous is thus the ratio of the width
of an interval to the distance between the intervals, and
thus we can choose the inverse of this ratio as an accu-
racy measure. Precisely, we have the following definition
of a clock’s accuracy:

Definition 1 (Accuracy of a clock). Denoting by T; the
time between the first tick and the (j 4+ 1)-th tick, a con-
fidence interval with tail probability € is defined as an
interval Cj e = (Uj.e — Lje/2, tje +2j./2) that satisfies

PriT; ¢ Cj| <e (1)

For a given tail probability €, the accuracy of a clock signal
is characterized by the set of quantities R; ., defined as

Rici=swpR(C)  R(Co)=E< (2

g€ J,€

for every j and €, where pj . and Xj. are defined with
respect to the confidence interval C; .

For i.i.d. clock signals, the accuracy of other ticks can
be estimated from the accuracy of the first tick. Suppose
Ry = R(Cy ) for some confidence interval C; . = (pe —
Ye/2, e + X /2). Applying Hoeffding’s inequality within
Ci., we can bound the probability that the (j + 1)-th
tick falls out of a confidence interval of size O(1/7 - X¢).
More precisely, we have

R; > %le (3)

€5n =

where €, ;= 1— (1 —€)J(1—2¢"""/2) and n > 0 is a pa-
rameter controlling the width of the confidence interval.
While R; ., increases with j, the confidence 1 —¢; ,, de-
creases monotonically, which reflects the long-term effect
of those undesired ticks on the accuracy. Such an effect
can only be remedied when the tick’s distribution has de-
sired tail behavior. For instance, if the distribution of T}
is sub-Gaussian (meaning that it has a tail that vanishes
at least as fast as some Gaussian distribution), Hoeffd-
ing’s inequality provides a tighter bound on the accuracy
of the (j + 1)-th tick as

Rj,e > fs : \/.; Rl,ev (4)

where f. > 0 depends only on e and the distribution
of Th. Many types of clock signal distributions, includ-
ing, for instance, Gaussian distributions, triangle-shaped
distributions, and square-shaped distributions are sub-
Gaussian. It also captures situations where the input is
a mixture of several perfect signals (i. e. delta functions)
with slightly different frequencies. In all these cases, Eq.
(4) holds and the multiple tick accuracy increases linearly
in the number of ticks considered.

Our accuracy measure can be compared to another
measure of clock accuracy considered in [4, 9], which is
defined as R; := (u;/0;)? with u1; and o; being the mean

and the standard deviation of T}, respectively. Such a
measure of accuracy is sensitive to the tail behavior of
T}’s probability distribution, i.e. to ticks that deviate a
lot from their means but happen with very small proba-
bility. For instance, if a clock produces ticks that deviate
from a confidence On the other hand, for any clock tick
achieving accuracy R in terms of the measure considered
in [4, 9], it is immediate from Chebyshev’s inequality that
it has accuracy

R.>Ve R (5)

in terms of our measure. Since the other measure satisfies
R; = j - Ry for multiple i.i.d. ticks, we have

R > \/j’E'Rl (6)

for any clock producing i.i.d. signals.

III. ACCURACY ENHANCING PROTOCOL

Given an input clock signal, the goal of accuracy en-
hancement is to produce an output signal with as high
accuracy as possible, using an internal clock as in Fig. 1.
To model the clock, we extend the concept of autonomous
clocks introduced in [10, 11] and developed in [9, 12],
which produce signals without an external time refer-
ence. An autonomous clock is characterized by two key
ingredients: a clock state (which can be either classical
or quantum) and a detector which is a time-independent
measurement that constantly measures the clock state
and produces ticks [4, 11].

The most accurate autonomous clocks so far [13] are
the Quasi-ideal clocks [12],[4]. Specifically, a Quasi-ideal
clock of dimension d achieves an accuracy of d'~* for any
positive v and for any tail probability € > 0 in the limit
of large d (see Ref. [4]; also see Appendix A for the proof
in terms of the accuracy measure (2)). As in Ref. [4],
we take the clock to be a reset clock, namely that, every
time it ticks, the clock state is always reset to the same
quantum state, that we refer to in the following as its
reset state.

To utilize the input signal in our accuracy enhanc-
ing protocol, we extend autonomous clocks by adding a
switch that controls the detector of the clock. Dependent
on the status of the switch, the clock system is governed
by one of two different dynamics: M.y, corresponding to
the case when the detector is on and the clock is produc-
ing ticks, and Mg corresponding to the case when the
detector is off and the clock evolves without being mea-
sured. In particular, when the clock is quantum, Mg
corresponds to unitary dynamics that drives the clock to
evolve periodically without any dissipation. Denote by d
the dimension of the clock. To enhance the input signal,
we require a quantum clock that becomes more accurate
as d grows large and also is resilient to fluctuations in
the switching between the two dynamics. This is made
explicit by the following clock condition:



Definition 2 (The clock condition). Consider a
quantum clock initialized in the state Uy (t* €
(=7() /2,7 /2]) with a unitary evolution period of T(°)
(i.e. the clock state remains the same after it evolves un-
der Mg for 7(¢)). Denote by T(®) the time it takes the
clock to tick. We say such a quantum clock satisfies the
clock condition if there exist two functions E((f) and e&c)
of d, both vanishing in the limit of d — oo, such that for

7(0)72(0) T(c)fz(c) 3 . i
any t* € < 5, 5 >, the following inequality
holds

(c) _ E(C) (c) E(C)
Pr T(C)+t*e<T 5 a’ ; d >1-ef.

(7)

One can imagine that a clock satisfying the above con-
dition has a “hand” that evolves on a clock face, and Eq.
(7) requires that the clock ticks if and only if its hand
hits a certain position (i.e. the location of the detector)
on the clock face regardless of the initial position of the
hand. Another key feature is that the width of the con-
fidence interval remains unchanged, for different initial
clock states.

From Eq. (7), we can see that, for any ¢ > 0, a quan-
tum clock satisfying the clock condition and initiated in
the state ¥y has at least an accuracy

(c)
Ry = L (8)
¢ 9zl

for large enough d. The clock condition is satisfied by the
Quasi-ideal clock [4, 12] (see Lemma 2 in the Appendix
for details).

Now we are ready to introduce our first protocol, which
enhances the accuracy of input signals without using
feedback on the input signal. The protocol requires an
internal quantum clock satisfying the clock condition in
Definition 2, whose status at certain time is specified
by the tuple (U, M), where Uy denotes the state of
the clock with a hand parameter t* € (—7(¢)/2,7(¢) /2]
and M € { Moy, Mog} is the dynamics of the switch-
controlled clock. The specific steps of the accuracy en-
hancing protocol are as follows:

Protocol 1 Accuracy enhancing protocol without feed-
back.
1: (Initialization) When receiving the first input tick, reset
the quantum clock to (¥o, Mon);
2: when the quantum clock ticks, produce an output tick and
set the quantum clock to (Vo, Mosg);
3: when receiving an input tick, set the quantum clock’s dy-
namic to Moy, i.e. turn on its detector.

Before stating our main result, we give an illustrative
explanation of why this protocol achieves an accuracy
enhancement. The central idea is that, for a tail proba-
bility €g, we would like the output ticks to have a confi-

dence interval (uﬁ‘g‘”) —nleut) gy lount) 2&‘;‘”)/2) such
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FIG. 2. Tick patterns of the input signal and the clock
in the accuracy enhancing protocol. In Fig. 2(a), it is
illustrated how output ticks are generated. Intervals where
ticks are generated with high probability are depicted as pikes,
and green, dotted pikes denote clock ticks that are suppressed
when the clock evolves unitarily. Pikes in the upper half of
the figure correspond to ticks of the input signal, which cause
the potential of the clock to be turned on, whereas the output
ticks are highlighted in red. In Fig. 2(b), 2 s wider than
the period of the clock. In this case, the input tick may arrive
too early, causing the output tick to be produced one period
earlier than it should be (as highlighted in red in the figure).

that > ~ u{™ but to have a confidence interval

width which scales like that of the quantum clock, i.e.
223‘”) ~ Eéc). Since, by Definition 2, E((f) is small for
large d, one enhances the accuracy.

For this purpose, we first select the period of the quan-
tum clock to be much smaller than that of the input sig-
nal, so that an output tick is always generated shortly
after every input tick and thus u&ﬁj‘“) ~ u?“). Next, by
the clock condition, the quantum clock always ticks when
the clock state hits the detector, regardless of the initial
position of the clock state (see Definition 2). Thanks
to this feature, input ticks that arrive within the same
period of the quantum clock will trigger output ticks at
almost the same time, up to a deviation that depends
only on the quantum clock. Therefore, a fluctuation in
the arrival of the input tick will not affect the output
ticks, and zﬁ(gut) ~ Zéc) (see Fig. 2(a) for an illustration).
It follows that the output accuracy can be expressed as

Rggut) ~ Ngm)/zgc) _ Rgin) . (ng)/zgc))



However, the accuracy cannot be increased arbitrar-
ily by this method. Since the input tick is required to
fall within the same period of the Quasi-ideal clock, 7(©)
should not be smaller than ng). Otherwise, a bad tick
with large deviation may be produced (see Fig. 2(b)).
The probability for the output tick to be in its confidence
interval is at least the product of the probabilities that
the input tick and the clock tick to be in their own confi-
dence intervals, respectively, which means ¢y > €. Then
one finds that the best accuracy of our protocol’s output
signal is approximately the product of the accuracies of
the input signal and clock system:

R ~ R . RY) 9)

for €g > € and for large enough d.

If we set the quantum clock to be the Quasi-ideal clock,
which achieves an accuracy scaling as d'~" for any v > 0,
it can be seen from the above equation that our protocol
achieves an accuracy enhancement of almost d. In sum-
mary, we have the following theorem whose proof can be
found in Appendix A:

Theorem 1. Consider an d.i.d. input  sig-
nal with a given e-tail confidence interval

(MS“) — 221“)/2,MS“) + 2?“)/2) satisfying S0V <

2/¢9n)/3. For large enough d, the accuracy of the
(j + 1)-th output tick of Protocol 1 satisfies

Rlew > 6
J,€5 - 5.]

R .RY ¢ =j-«  (10)

for any eg > € and j < 2u§“)/(32£i“>). Here RM™ =
. N2

(;ASH)/EEIH)) is the input accuracy and R((ic) is the ac-

curacy of the internal quantum clock given by Eq. (8).

When the quantum clock in Protocol 1 is taken to be a
Quasi-ideal clock, the accuracy can be further bounded as

R(_out) >

3 ‘
2 Rlin) | -v 11
j.€5 = 5] € ( )

for any v > 0.

The main result of this section, stated as Theorem 1, is
that Protocol 1 can improve an input signal’s accuracy al-
most by a factor equal to the quantum clock’s dimension,
given that the input signal is i.i.d.. On the other hand,
the right hand side terms of Egs. (10) and (11) drop as j
grows, implying that the output signal becomes less ac-
curate after the protocol runs for a long time. The tail
probability grows linearly in j, which is compatible to the
scaling of the input tick’s tail probability before the ac-
curacy enhancement as given by Eq. (3). Note that the
period of the quantum clock in the protocol depends on
the confidence interval of the input signal (see Appendix
A for details).

IV. ACHIEVING LONG TERM STABILITY
WITH FEEDBACK

A problem of the previous protocol is that the accuracy
of ticks drops down after the protocol runs for a certain
time. It turns out that this problem can be remedied
when feedback on the input clock that produces the input
ticks is allowed. The role of the feedback is to reset the
input clock to its initial configuration in each round of
producing a tick.

For any input signal generated by an input clock, the
following protocol uses a quantum clock that satisfies the
clock condition in Definition 2 and feedback on the input
clock to produce output ticks:

Protocol 2 Accuracy enhancing protocol with feedback.

1: (Initialization) When receiving the first input tick, reset
the quantum clock to (¥o, Mon);

2: when the input clock ticks, set the quantum clock’s dy-
namic to Moy, i.e. turn on its detector;

3: when the quantum clock ticks, produce an output tick,
set the quantum clock to (o, Mog), and reset the input
clock.

The working principle of this protocol is similar to that

of the feedback-free protocol, and thus its performance is
close to that of the feedback-free protocol in the short
term. The long-term stability of the feedback protocol
follows from the fact that it invokes a reset mechanism:
When an output tick is produced, the input clock is re-
set to its initial configuration according to the last step
of the protocol. At the same time, the quantum clock
also ticks and thus resets, as mentioned in Section IV.
Therefore, the output ticks are i.i.d., and the accuracy
of the (j + 1)-th output tick increases linearly in /7, as
described by Eq. (3). To summarize, the performance
of the feedback protocol is as good as the feedback-free
protocol and becomes higher as more output ticks are
triggered, achieving long-term stability. More precisely,
we have:
Theorem 2. Consider a reset input clock with a given e-
tail confidence interval (uﬁi“) - 2?“/2,;&“” + 2:?”)/2)
satisfying ESH) < uﬁi“), For large enough d, the output
ticks of Protocol 2 are i.i.d. with accuracy

REW) > (RSH) + 1) - R® (12)

for any ¢ > €. Here RSH) = ugin)/ESn) is the input
accuracy and R{(f) is the quantum clock accuracy given
by Eq. (8). When the quantum clock is taken to be a
Quasi-ideal clock, the accuracy can be further bounded as

1 .
RS > = (Rgm> n 1) N (13)

for any v > 0.

The proof of the above theorem can be found in Ap-
pendix B.



V. INCOHERENT PROTOCOLS

In view of the results above, it is natural to ask whether
a similar improvement could be achieved by means of
classical information processing, namely incoherent pro-
tocols that process the input ticks and/or the internal
clock’s ticks to produce a more accurate output signal.
While we do not have a general bound, we present here
two natural protocols and show that accuracy enhance-
ment is possible, but with a lower factor. For simplic-
ity, we omit tail probabilities in the following discussion,
which can be regarded to be fixed.

First, we show a simple protocol using a d-dimensional
classical memory that improves the input signal’s accu-
racy by a factor of v/d. For any input signal, this proto-
col produces an output signal according to the following
rules:

Protocol 3 An incoherent protocol achieving accuracy
enhancement by bunching input clock ticks.

1: (Initialization) Set the classical memory to the state ¢ = 0;

2: when receiving an input tick:

3: if ¢ = d — 1, then produce an output tick and reset the
memory to the initial state ¢ = 0;

4: else c — c+ 1.

5: end if

This classical memory can also be regarded as a clock
driven by input signals. This protocol improves the ac-
curacy of the input signal by bunching the input ticks.
When the input ticks are i.i.d., the output tick has an
accuracy that is proportional to R(™ . \/d according to
Eq. (3), which also has a product form like that of the
coherent protocol. Further noticing that the accuracy of
a d-dimensional Quasi-ideal clock scales like d, we can
further express the accuracy of this incoherent protocol
as R(™ . v/ R(©) in an approximate sense.

Compared to the coherent protocol, the gain of the
input-bunching protocol is v/d instead of d. The tail
probability of the input-bunching protocol also increases
with d unless the input signal has a sub-Gaussian distri-
bution. Moreover, the coherent protocol achieves a pure
enhancement, in the sense that only the width of the
tick’s confidence interval is reduced. On the other hand,
the input-bunching protocol increases both the time be-
tween ticks and the width of the confidence interval, and
thus its output signal may not be of the desired form in
some situations.

In the following we propose another incoherent pro-
tocol, which is capable of preserving the frequency of
the input signal. Imagine that we are given an internal
clock system with confidence interval (;2(9) —%(€) /2, u(¢) 4
() /2) where p(©) and %(°) are much smaller than those
of the input signal. This incoherent protocol works by ig-
noring all ticks of the internal clock but outputting only
the one that follows immediately after every input tick,
which can be done with the help of an additional classi-
cal bit ¢ (This requirement does not affect our analysis,

since we care only about the asymptotic scaling of the ac-
curacies). Explicitly, the protocol works in the following
manner:

Protocol 4 An incoherent protocol achieving accuracy
enhancement by bunching internal clock ticks.

1: (Initialization) Set the classical memory to the state ¢ = 0;

2: when receiving an input tick, set the classical memory to
the state ¢ = 1;

3: when the internal clock ticks:

: if ¢ =0, then ignore the clock tick (and do nothing);

5: else (¢ = 1) produce an output tick and reset the memory
to the state ¢ = 0.

6: end if

I

The accuracy of this incoherent protocol can be evalu-
ated as follows. If the input tick’s confidence interval is
narrower than the clock’s period, the number of ignored
ticks can be made a constant. Then the output’s accu-
racy equals the accuracy of j i.i.d. clock ticks bunched
together, where j o p(i“)/y(c) is the number of ignored
ticks. Notice further that the output mean is close to the

out.
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FIG. 3. Numerical results for comparing the coherent
protocol (Protocol 1), the input-bunching protocol
(Protocol 3), and the clock-bunching protocol (Pro-
tocol 4). The performances of different accuracy enhancing

protocols on an i.i.d. box-shaped input clock of Riin) ~ 3
with € = 0.01 are compared. The coherent protocol (red) and
the input-bunching protocol (green) use a Quasi-ideal clock
of dimension d whilst the input-bunching protocol (blue) uses
a d-dimensional classical memory. The allowed error on the
output is chosen to be the same as the one on the input (i.e.
€0 = 0.01). The black, dotted line corresponds to the asymp-
totic lower bound on the output accuracy in Eq. (10), plotted
for a fixed clock error € = 0.001. The numerical simula-
tion clearly shows an approximately linear scaling for both
the coherent protocol and the clock-bunching protocol and
V/d scaling for the input-bunching protocol. One can also see
that the lower bound in Eq. (10) is quite tight even for low
dimensions.



Protocols Accuracy scaling
Coherent (Protocols 1 and 2) R . R
Bunching input clock ticks (Protocol 3) R . /R(©)
Bunching internal clock ticks (Protocol 4)| v/R(n) . R(©)

TABLE I. Comparison between the asymptotic performances
of coherent and incoherent protocols.

input mean. By Eq. (3), the output tick has accuracy

ROw ~ [ R
/”'(C)
_ /R . g |2
HJ(C)
< V/R(n) . RO, (14)

From this analysis, we can see that the incoherent pro-
tocol is also outperformed by the coherent protocol, since
it produces redundant internal clock ticks, and by bunch-
ing together these ticks one adds a factor proportional to
/i) /1(e) to the width of the confidence interval. In
summary, both incoherent protocols lose some accuracy
compared to the coherent protocol, which is made ap-
parent in Table I. A numerical simulation, depicted in
Fig. 3, shows that the protocols of bunching clock ticks,
bunching input ticks and the coherent protocol (intro-
duced in Section IIT) are all capable of achieving an en-
hancement, while the performance of the coherent pro-
tocol is clearly above that of the other two protocols.
Finally, we remark that the same idea works also in the
setting where feedback is available.

VI. DISCUSSION AND CONCLUSION

In this work, we proposed protocols that enhance the
accuracy of a clock signal by a factor of order d, us-
ing a quantum system of dimension d. There are two
key properties of the clock that lead to this accuracy en-
hancement. One is that, for the Quasi-ideal clock, its er-
ror is almost independent of its initial position, i.e. when
the detector is switched on. The other is that, for most
of the time in the protocol, the clock evolves without

any dissipation. These two properties originate from the
quantumness of the clock system. In this sense, our work
justifies the power of quantumness in enhancing the ac-
curacy of clocks. This point is further strengthened via
the comparison with two incoherent protocols (cf. Table
D).

Our protocols can be used as a subroutine of a highly
accurate clock consisting of a macroscopic oscillator pro-
ducing clock signals and a quantum system that further
improves their accuracy. Our protocols may also be em-
ployed in a network setting to establish a common clock
signal for multiple, and possible distant, nodes, which is
crucial for various applications [14-17]. Although each
node may be equipped with a clock, these clocks suffer
from random drifts as they produce more and more ticks
without synchronization. Our accuracy enhancing pro-
tocols, especially the one without feedback, fit this task
well. To establish synchronized clock signals, the nodes
can locally prepare quantum clocks, with the detectors of
the clocks controlled by a signal that is broadcast through
the network. Then, using our protocol, even if the nodes
receive the broadcast signal at different time, their local
ticks can still be triggered at almost the same time. In the
mean time, since the local clocks tick less frequently, the
speed that they drift away from each other can be con-
trolled. In this way, our protocol can be used to maintain
synchronization within the network efficiently.

The task considered in this work can be regarded as
a signal processing task [18], where an input signal is
processed by a special-purpose system. The difference
between the particular task of clock signal processing as
considered here and general signal processing is that, in
the former, no time reference other than the input signal
is available. Common operations in signal processing,
like time shift, are therefore prohibited, which makes the
task harder. Our work is the first and a concrete step
towards a theory of time signal processing by harnessing
quantum mechanics.
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Appendix A: Proof of Theorem 1.

1. A quantum clock with a switch

An autonomous clock [4, 9-12] is identified by a tuple (p(c)7{ME5CHCt)}5), where p(©) is the clock state and

{M((;C_mt) : Lin(H.) — Lin(H: ® Hi)}s is a family of completely positive trace-preserving maps determining the
dynamics of the clock and the production of ticks. Here H. is the Hilbert space of the clock state and H; is the tick
space. As its name suggests, an autonomous clock produces ticks without any additional input signal as reference.
An example of autonomous clocks that will be useful in our work is the Quasi-ideal clock, and more details of the
autonomous clock model can be found in [4].

To make use of the input signal, available in our setting, we need to extend the model of autonomous clocks. For
this purpose, we introduce the structure of a quantum clock with a switch, which serves as a key ingredient of our
protocol. For this kind of clocks, the state space of the clock can be factorized as H. = Hy, ® H. The corresponding
clock state is of the form b ® p, where p is the clock state of an autonomous clock and b € {]0)(0[, |1)(1]} is a control

bit. The dynamics map ./\/l((;c_m) is of the control form

M = 10)(0] @ Us + [1)(1] © ME™) (A1)

where Uj is infinitesimal form of the clock’s unitary dynamics: Us(p) = (p—1id[H, p]) ®|0)(0] for every operator p on H,

and Mgaum) is the dynamics of the autonomous clock. From the above description we can see that the tick production
is switched off and the clock evolves unitarily if the control bit is zero while the tick production is switched on and the
clock runs in the same pattern as the autonomous clock if the control bit is one. We denote by 7(¢) the period of the
unitary dynamics of the autonomous clock and by py- the state of the Quasi-ideal clock with t* € (—7(%) /2, 7(¢) /2].
By definition, if the state starts in p;~ and evolves unitarily for 7(¢) it will end up in the original state pi-. In an
autonomous clock, the clock starts with its state in the initial state Uy. The time it takes to tick is a random variable,
denoted here as T(©). When the clock has high enough dimension, 7(¢) is close to 7(®) /2 with high probability. After
producing a tick, the clock will be reset to its original state Wy [4].

In the setting of our protocol there are input ticks that offer additional time reference to the clock. An input tick
will trigger an operation on the control bit. In general, this operation could be any quantum channel C(*="). In this
work, we only consider simple logic operations, which will switch on/off the production of the autonomous clock’s
ticks. For instance, in our protocols, an input tick aways triggers the detector to be on, which corresponds to be
operation b — 1 for b € {0,1}. Notice that the implementation time of these operations is assumed to be zero (which
is otherwise arbitrary).



2. Conventions and notions.

For a fixed ¢ > 0, we consider an input signal with ii.d. input ticks and a confidence interval
(ugm) - 221“)/2, ugm) + 221“)/2) satisfying
. 2 (in)
0 < "T (A2)
We denote by RQH) = NS“)/ ng) its accuracy.

Before going into the proof, it is convenient to define a couple of variables that we are going to encounter frequently.
We denote by tl(»om) the time when the i-th tick of the output signal is produced, and by tz(-m) the time of when the first
input tick arrives after the (i — 1)-th output tick. Notice that, by this definition, tl(m) — tgl_ni is no longer i.i.d. since
there may be multiple input ticks in between. In particular, we define tgin) as the time of arrival for the first input

tick. The purpose of this definition is that there may be multiple input ticks that arrive in between two consecutive
output ticks but only the first one of them triggers a non-trivial operation on the clock. The time between i-th input

tick and (7 + 1)-th input tick is a random variable, denoted as Ti(in). For convenience of analysis, we choose 7(¢) so
that

p = (m +1/2) -7 (A3)

with m € N*. The choice of m will affect the performance of the protocol and will be discussed later. For readers’
convenience, notations that appear frequently in the next subsection are listed in Table II.

Notation Definition
tgout) the time when the 4-th output tick is produced
tﬁi‘“ the arrival time of the first input tick

tEin) (> 2) |the arrival time of the first input tick after the (¢ — 1)-th output tick
t; the clock parameter at time tl(in)
Ti(c> tEout) — tgin)
() the time in between two consecutive input ticks
) (x = in, out) the confidence interval of ¢*)

»in) width of the confidence interval of input ticks
ME“’) center of the input confidence interval Ciin)
7 period of unitary evolution of the clock (T<C) ~ 2u()

TABLE II. Table of notations.

3. Confidence intervals of the output ticks

From this subsection, we start to bound the accuracy of the first j € N* ticks, which requires us to determine a
(out) (out)

to =t ‘

and the clock ticks, characterized by the random variables tgm) and tgout) (i < j+1), fall within narrow confidence

intervals around their expectations with large probability. In this case, the output ticks are generated as expected. In

the case where either an input tick or an output tick falls outside its respective confidence interval, the output ticks

may be triggered too early or too late, resulting in a large error. This idea is made precise by the following lemma:

confidence interval of the random variable . The key step of the proof is to show that all the input ticks

(in)

Lemma 1. Assume for convenience t; ' = 0, which is otherwise arbitrary. For j € N* such that
7o) — EEZC)

I< o<
Zl(;) + Egln)



the probability that tgin) € Cgin) and tgom) € Cl(-om) holds for every i < j+1 is at least 1 — e(-out), where the confidence

J
intervals for the input tick and the output tick are defined as

in ) _ ey, SO
™= (i—-1)- (ugm — =l = (A5)
2 2
and
7€) _x(e) T(C)+Z(C) s

1=1
Clowt) ( 2 ) . : (A6)

-1 (™ = 22 ™ 4 Z2) ™Y iz

Here a- (b, c)+d is a shorthand for (ab+d,ac+d). The tail probability of the output confidence interval is bounded as
& < (e+e?) (A7)

where € is the tail probability of the input ticks and efic) is the tail probability of the quantum clock that vanishes as
d — 0.

It is straightforward to check that the conditions (A3) and (A4) guarantee that all the confidence intervals have no
intersection and are temporally ordered. If all input and output ticks are in their own confidence intervals, proper
causal order among them will be ensured, i.e.

(out)

) <t <l <<l <l <l (A8)

From Eq. (A6) we can see that the width of an output tick’s confidence interval is Eflc), which is a quantity dependent
on the quantum clock and independent of the input tick. This feature is key to the accuracy enhancement, which is
a result of the clock condition.

Proof of Lemma 1. Applying the chain rule, we can express the probability that all ticks are in their confidence
intervals as

Jj+1 ) ) Jj+1 ) ) i—
ﬂ <t7(;1n) c C7(;1n) n t,EOUt) c C7(;0ut)>‘| _ H <PI' [tgln) c CZ(-H]) { ﬂ
=

Pr

(tl(in) c Cl(in) mtl(out) c Cl(out)>] (A9)

) |

) ¢o be in its confidence interval given that all previous ticks are within their

i=1 i=1

tgout) c Cgout) | n
l

x Pr

1
1
-1 . ) X .
<tl(1n) c Cl(m) N tl(out) c Cl(out)) N tz(‘m) c Cgln)
=1

(
confidence intervals. Notice that t?“) =0 ¢ c?‘” trivially holds. For i > 2, we stress that the probability of
tz(-in) € Cz(-in) does not simply follow from the i.i.d. property of the input ticks, because there may be other input ticks
tl(-(iult) tgi_rli € Cgl_ni Instead, consider the time of arrival of the next input tick after tgi_ni, conditioned
on tz(-iult) € ng“lt) and tgfli € CET{ Since p(™) — zii“>/2 > 70 > tz(-iult) - tgfli [see Eq. (A3) and Eq. (A4)], if the time

it takes this tick to arrive is 70" ¢ (p(i») — Egn)/Q,u(in) + ESII)/Q), then it is clear that this tick will be the first

input tick after tz(‘illlt). In formula, this argument reads

First we bound the probability for ¢

in between and

1—1
Pr |\éin) c Cgin) | m (tl(in) c Cl(in) r-”El(out) c Cgout))] >1—e (AlO)
=1

Now we bound the probability for tgout) to be in their confidence intervals, conditioned on all the previous ticks are

in their confidence intervals. Define t¥ € (—7(¢)/2,7(¢) /2] to be so that the clock state is V- at 1 Tntuitively, it is

i
the location of the clock’s “hand” at time tz(-m). Since the clock is in the initial state ¥y at time tl(»(iult), we obtain the

following relation

i) _glont) —yx o £(©) (A11)
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where m; € N is the number of periods that the clock has been evolving unitarily. Notice that when ¢ ¢ Cgin) and

i
tl(-ciult) € Cl(-(iult), we have

i1 Z(c) Zgin) 1 Z(C) Zgin)
tf—i—mi-T(C)e(m-T(C)—(Z I d2 * ),m-T(C)—i—(Z I d2 i ) . (A12)
i 1)(5(O) L3 @) _5(© o

Since 1)(Ed2 =) o 22‘1 holds thanks to Eq. (A4), Eq. (A12) implies that

m; =m (A13)
and
(c) _ Z(C) (c) _ E(C)

t;*e(—T 7 L . (A14)

Next, we denote by Ti(c) = tEOUt) - tEin) the time that the clock evolves non-unitarily in between two output ticks,
whose value can be determined by ¢ and the clock condition. Bringing together Eq. (All), Eq. (Al3) and the

definition of Ti(c), we have
£ = {0 pop () 4 (Ti(c) + t;‘) : (A15)

Noticing that the clock condition is guaranteed by Eq. (Al4), we can apply the clock condition to Ti(c) + t;, which
yields that

Pr

3

(c) (c) i—1
T = (T(C’ -5y T +3y )

5 , 5 | ﬂ (tl(in) c Cl(in) mtl(out) c Cl(out)) mtgin) c Cgln)] >1- €(C).
=1
(A16)

g

(©_y(© () 5(©)
Since t{°% — tz(-iult) —m-7© e (T de L ;Zd ) plus tgiult) € Cgiult) imply that tEOUt) € CZ(-O“t), we conclude that

i—1
e e M) (t}lD) e ™ N ¢ c}"““) Nt e C§‘“)] >1— €, (A17)
=1

Pr

Finally, substituting Eq. (A10) and Eq. (A17) into Eq. (A9), we have

11
Pr | (tgm> e ™l ¢ CEO‘“))] >1— el (A18)
i=1
where e§°ut) <j- (e + e((f)) as desired.

Remark 1. FEq. (A4) puts a limit on how small we can set 7() to be. When the clock system has large dimension,
the term ESIC) is very small and Eq. (A4) becomes

7@ > j.xnin), (A19)

Therefore, the protocol cannot run forever with small error, since the above constraint is always going to be violated
when j is large enough. To address this issue, one can choose to reset the output signal every once in a while.
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4. Accuracy of the output signal

In this subsection, we evaluate the accuracy of the output signal using Lemma 1. First, we emphasize that Eq.

(A4) in Lemma 1 holds at least for j = 1 when the input signal satisfies the condition (A2), as we have 7(¢) > nin)

by setting m = 1 in Eq. (A3). Noticing that Efic) vanishes in the large d limit, we have 7(¢) > R 22((1@ for large
enough d, and thus Eq. (A4) holds at least for j = 1.

Now we show a lower bound of the output accuracy. It is straightforward from Eq. (A6) that there exists a
confidence interval of the (j + 1)-th output tick with center and width

plo) = - plowt) = 55, (A20)

(out)

which has a tail probability €; given by Eq. (A7). Therefore, the output accuracy can be evaluated as

(in) (in)
R(ogt) _ He _ e . R(
J:€5 E((j(:) 7-(C)/2 €

. R, (A21)

Notice that for large enough d Eq. (A4) becomes jZSn) < 7(®), Choose m in Eq. (A3) as large as possible so that
this inequality “barely holds”, in the sense that
(in) (in)
e e ) | (A22)

m+3/2"m+1/2

jzgin) e

(in)
e 2mtl2) > S Substituting it into Eq. (A21),

Then the ratio between ZS“) and T(C)/2 can be bounded as @72 2 jm¥3a) 2 5

we get the bound (10).
When the quantum clock is a Quasi-ideal clock, the clock accuracy is R(©) = (d'=7/2) (1 — O(d=?")), which is an
immediate consequence of the following lemma (see Appendix C for its proof):

Lemma 2 (Quasi-ideal clock with arbitrary initial position). A d-dimensional Quasi-ideal clock satisfies the clock
condition. Moreover, the width of the confidence interval is

$© = (7 + I;) 7)., (A23)

3n _

Here v = d=1t" 4+ O(d™Y) for any n > 0 [4, Egs. (F23) and (F24)] and zy, = (1/7)d* ~* [}, Eq. (F22)], thus the
leading order term in Eq. (A23) is v -7(9). The tail probability is

6(0) = 2(SgV + 6_5 + 36tail + 2€trans (T(C)a d) . (A24)

The magor term in Eq. (A24) is 20éy = o(y) (see [4, Corollary 9 and Eq. (F240)]), whereas § = n/16 (see [4, Eq.
(F19)]), the other two overhead terms €gay and €rpans also vanish exponentially in d and are given in Section C.

Substituting the expression of R(®) for the Quasi-ideal clock into Eq. (10), we get Eq. (11).
Appendix B: Proof of Theorem 2

Here we prove Theorem 2 on the accuracy of the output signal for the protocol with feedback. The proof is similar
to the proof of Theorem 1 but essentially simpler thanks to the reset mechanism. First, since the output ticks of the

quantum clock are i.i.d., we only need to evaluate the accuracy for ¢ := " —+{°"" and the accuracy of the (j +1)-th
tick can be estimated from Eq. (3).
We choose 7(¢) so that
00 Z 7 (B1)

with m € N*. The key step of the proof is again to show that probability that the second input tick and the

second output tick, characterized by the random variables tsn) and tg)ut), falls within certain intervals around their
expectations with large probability.
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1. Confidence intervals of the output tick

In this subsection, we show the following lemma:

Lemma 3. Assume for convenience tﬁo‘“) = 0, which is otherwise arbitrary. For a quantum clock satisfying the clock
condition in Definition 2 and the constraint

S < ) _ 5, (B2)

the probability that tgn) € an) and téOUt) S Céom) holds is at least 1 — ¢©")  where the confidence intervals for the
input tick and the output tick are defined as

in in Egin) in Zgin)
g e (o BTy BT (53)
2 2
and
c (o) c ()
Cgout) — (ﬂgin) + T()%”ugin) 4 7—()—’2—2d> . (B4)

The tail probability is bounded as elout) < ¢ 4 e&c).

Proof of Lemma 3. By definition, the probability that téin) in its confidence interval is just bounded as
Pr [tgm € cgi“)} >1-—e (B5)

The clock state at £5") is Wy, where

i (e) (o)
N in . T T
t2:tg)—m2'7()€<—2,2] (B6)
for some my € N. Under the condition t(;n) € C(Qin) and (B2), we have
me =m (B7)
and
(¢) _ Z(C) (¢) _ Z(C)
T T
the | - i . B3
2 € < 2 ’ 2 ( )
We can then apply Lemma 2, which yields that
(©) _ 2@ () Ly
(T§C>+t;)e (T 5 ,T ; d (B9)

with probability 1 — (). Here TQ(C) = t(Qout) - téin). Combining Eq. (B6), Eq. (B7) with the above equation, we get
£ = mg -7 4 TS 415 € Y, (B10)

which means that Eq. (B9) implies téom) € Cgom). Then we conclude that

Pr [tgouﬂ e Cm | ¢ CS“)] >1— €l (B11)

Finally, by the chain rule, we have
Pr [ € 7 ™ 0c™] = P [0 1 69 | ) € 8] pr 67 € ) (312
> (1-€?) -0 (B13)

and €M) < ¢ + ¢() ag desired. W
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2. Accuracy of the output signal

In this subsection, we evaluate the accuracy of the output signal using Lemma 3. First, we emphasis that Eq. (B2)
in Lemma 3 holds since ™ < u?*‘) by assumption and Z;C) vanishes as d — oo by the clock condition.

Then we show a lower bound of the output accuracy. It is straightforward from Eq. (B4) that there exists a
confidence interval of the output tick with center u?“) + T(C)/ 2 and width Z&C) which has a tail probability e(©ut).

Therefore, the output accuracy can be evaluated as

(in) (c) (in)
(out) _ pe  +79/2 [ ET N oy 1) g
R = = >\ oz ) (B + 5 ) RO, (B14)

Choose m in Eq. (B1) as large as possible so that Eq. (B2) “barely holds”, in the sense that

(in) (in)
“EW> (B15)

m+1" m

Egin) e

. (in) T
Then the ratio between L™ and 7(¢) /2 can be bounded as 2> 2m. > 1 Qubstituting it into BEq. (B14), we get

7 /2 = m+1
the bound (12).
When the quantum clock is a Quasi-ideal clock, the clock accuracy is R(©) = (d'~7/2) (1 — O(d~2")). Substituting

the expression of REIC) for the Quasi-ideal clock into Eq. (12), we get Eq. (13).

Appendix C: Proof of Lemma 2

Define p(t) := |1;) (]| where [¢);) 1= e~ =Va|¥,.) is the unnormalized clock state. Here |W;.) is the initial state
of the non-unitary evolution, H is the Hamiltonian, V is a real operator corresponds to the interaction potential that
generates output tick, and § > 0 is the interaction strength. Note that the real part of the exponent causes the norm
of the state to decrease so that the state is not normalized. The advantage of using this notation is that Tr [p(¢)]

equals the probability that the clock evolves for time ¢ without producing any tick (referred to as the delay function
in [4]).

. ©
Define I := # —t*+ E% as the left boundary and the right boundary of the confidence interval. The probability
that the tick is generated in the confidence interval I = [I_, I ] can be expressed as

mﬁMGQ:ﬁpun—ﬁwu» (C1)
The statement of Lemma 2, i.e. Eq. (7), can be rephrased as
T [p(1-)] = Tr [p(I4)] > 1 - €. (C2)

Therefore, to show an upper bound of the tail probability, we need to derive a lower bound on Tr[p(I-)] and an
upper bound on Tr [p(1)]. To achieve this, we first introduce the following lemma, which comes immediately from
[4, Lemma 21 and Lemma 22]:

Lemma 4 ([4], Lemma 21 and Lemma 22).
Ac(t) — €tail — 6t1rans(ta d) S Tr [P(t)] S Ac(t) + €tail + 6trans(t d) (03)
Here

d o3 1/2 d? _zaig(g)z d? = 2 . 2
_ 1 2io2Z\o - Iy —Zo
6trams(t,d) = ‘t|T(C) (O (1_}0'2/d+ 1) + O (0_2> e (d/o2+2) + O (|t02 + 1) e 402 + O (6 )

—0 ( ‘f|)e— d%) (C4)
T(c

as defined in [4, Eq. (F38)] where o = d"? (cf. [4, Eq. (F241)]), vo = d"~"/* (cf. [4, Eq. (F213)]), and og can be
set to one (cf. [4, Eq. (F30)]),

w13

€ail = O (6_%’1") (C5)
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as defined in [4, Eqs. (F78) and (F81)],

ta/r(®) o o t*d
Ao(t) == Z e—26f,f+ a/ dde(y)wnor (k _ T(C)) (C6)

kel (t*)

where L, (t*) = {[t"d/T9) —~d/2],...,[t*d/7\) +1+~d/2]}. Here Yoy is a normal distribution satisfying
Zkeﬂ,(t*) wnor (k - :.:c(j)) > 1- €tail -

The next step is to bound the dominant term A.(¢). By [4, Eq. (F13)], ay, is defined so that

1—¢éy :/ da Vo(z + 20), (Cn)
where Vj is defined via the relation I_/d(x) = 27”‘_/0 (%’Tx) The relation between V; and V; implies that
k+:(—‘§) B %ﬂﬁf@ﬁ B
/ dy Valy) = / dze Vol + 20). (C8)
k z%kfm()
Here we take the location of the potential to be g = m. Then we can see that:
7 = ~ .
1. A sufficient condition for :+td/ dyVu(y) < €y to hold is that
21k 27k ot
[—.’Ev” .Tvr] C |:d -, 7 — T+ 7'(C):| (Cg)
holds for every k € I, (t*), which is guaranteed when
(e)
T xvr ’y
t< - —v - ( 1) =1 1
=7 or 2)7 (C10)
. " k+td/7(9 | = - .
2. A sufficient condition for [’ dyVa(y) > 1 — éy to hold is that
21k 27k 27t
[_xvra'rvr] C |:d -, 7 -+ 7-(c):| (Cll)
holds for every k € I, (t*), which is guaranteed when
(c)
T * Lyr Y (c) _
t> - ( )9 =1y C12
=9 + o + 9 T + ( )
The above discussion yields the bounds for A.(7-) and A.(I;). Explicitly, we have:
)@ | o
AdL) > ( min o205 dde(y)) 1= o) (C13)
kel (t*)
> e PV (1 — epan), (C14)
and
Ac(ly) < | max e gt dde(y)) (C15)
kel (t*)
< em2U-év), (C16)
Therefore, we have
Tr[p(1-)] = Tr [p(14)] = e P (1 — €tai) — e 20U=8) — 2o — €vrans (I, d) — €trans (14, d) (C17)
> 1 - 288y — ¢ = e — 26pans (79, d) | (C18)

having assumed that €y < 1/2 (which always holds since we consider only the asymptotics). One can easily see from
the above equation that the tail probability eglc) is bounded as Eq. (A24).
[




