
Zm�MimK �++m`�+v 2M?�M+BM; T`QiQ+QHb 7Q` +HQ+Fb (R)
U�#bi`�+i@QMHv bm#KBbbBQM iQ ZSGRNV

umtB�M; u�M;- G2MM�`i "�mK; `iM2`- _�HT? aBHp�- �M/ _2M�iQ _2MM2`
AMbiBimi2 7Q` h?2Q`2iB+�H S?vbB+b- 1h> wɃ`B+?- arBix2`H�M/

AX ALh_P.l*hAPL

h?2 bi2�/v /2p2HQTK2Mi Q7 [m�MimK i2+?MQHQ;B2b Qp2`
i?2 T�bi 72r v2�`b ?�b �HbQ ?�/ �M BKT�+i QM iBK2F22TBM;X
AM/22/- iQ/�vǶb KQbi �++m`�i2 +HQ+Fb �`2 bQT?BbiB+�i2/
[m�MimK /2pB+2b (kĜ9)X h?2`2 �`2 �HbQ 7mM/�K2Mi�H `2�@
bQMb bm;;2biBM; i?�i Bi Bb 7�pQ`�#H2 iQ 2tTHQBi [m�MimK
T?2MQK2M� r?2M #mBH/BM; +HQ+FbX 6Q` 2t�KTH2- BM � `2@
+2Mi rQ`F #v qQQ/b- SɃix- aimT�`- �M/ irQ Q7 i?2 T`2b2Mi
�mi?Q`b (8)- Bi r�b b?QrM i?�i +HQ+Fb #mBHi rBi? [m�MimK
bvbi2Kb +�M #2 [m�/`�iB+�HHv KQ`2 �++m`�i2 i?�M +HQ+Fb
#mBHi rBi? +H�bbB+�H bvbi2Kb Q7 i?2 b�K2 /BK2MbBQMX

>Qr2p2`- i?Bb `2bmHi +QM+2`Mb bBM;H2 +HQ+Fb- r?B+? �`2
BbQH�i2/ 7`QK 2�+? Qi?2`X >2`2 r2 �bF r?2i?2` BMi2`�+iBQM
#2ir22M bm+? +HQ+Fb +�M T`QpB/2 �M 2M?�M+2K2Mi Q7 i?2
iBK2 BM7Q`K�iBQM T`Q/m+2/ #v i?2KX �M �Mbr2` iQ i?Bb
[m2biBQM rQmH/ BMbTB`2 M2r K2+?�MBbKb Q7 KQ`2 `2HB�#H2
iBK2@i`�+FBM; �M/ rBi? i?�i +QMi`B#mi2 iQ `2b2�`+? QM i?2
7`QMiB2` Q7 T?vbB+bX

*QM+`2i2Hv- r2 +QMbB/2` � b2iiBM; r?2`2 �M BMi2`M�H
+HQ+F `2+2Bp2b � bB;M�H �b BMTmi- TQbbB#Hv ;2M2`�i2/ #v
�MQi?2` +HQ+F U/2MQi2/ �b i?2 BMTmi +HQ+FV- �M/ T`Q/m+2b
� +HQ+F bB;M�H i?�i Bb KQ`2 �++m`�i2 i?�M #Qi? i?2 BM@
Tmi bB;M�H �M/ i?2 BMi2`M�H bB;M�H- �b BHHmbi`�i2/ BM 6B;X
RX aBKTH2 �b Bi Bb- i?Bb b2iiBM; +�Tim`2b i?2 2bb2M+2 Q7
2M?�M+BM; +HQ+Fb �M/ +�M #2 `2�/BHv ;2M2`�HBx2/ iQ KQ`2
+QKTH2t b2iiBM;bX 6Q` BMbi�M+2- �iQKB+ +HQ+Fb (j- 9- e) �`2
#�b2/ QM � bBKBH�` B/2� Q7 ?�pBM; � +HQ+F BMTmi Bib iB+Fb
BMiQ � +QM;`2;�iBQM Q7 �iQKbX _�/BQ +HQ+Fb �HbQ ?�p2
i?2 b�K2 bi`m+im`2 r?2`2 HQ+�H +HQ+Fb 2M?�M+2 i?2B` �+@

6A:X RX h?2 �++m`�+v 2M?�M+BM; i�bFX �M BMi2`M�H +HQ+F
bvbi2K rBi? }t2/ /BK2MbBQM `2+2Bp2b � +HQ+F bB;M�H 7`QK �M
BMTmi +HQ+F �M/ T`Q/m+2b �M 2M?�M+2/ +HQ+F bB;M�H �b Qmi@
TmiX h?2 T2`7Q`K�M+2 Q7 i?2 T`QiQ+QH +�M #2 7m`i?2` BKT`Qp2/
r?2M 722/#�+F QM i?2 BMTmi +HQ+F Bb �HHQr2/X

+m`�+v #v `2+2BpBM; #`Q�/+�bi +HQ+F bB;M�HbX q2 T`QTQb2
T`QiQ+QHb r?2`2 �M BMi2`M�H bvbi2K Q7 /BK2MbBQM d < ∞
2M?�M+2b i?2 �++m`�+v Q7 �M BMTmi +HQ+F bB;M�HX q2 b?Qr
i?�i- rBi? � d@/BK2MbBQM�H [m�MimK bvbi2K- Bi Bb TQbbB#H2
iQ BKT`Qp2 i?2 �++m`�+v Q7 i?2 BMTmi bB;M�H mT iQ � 7�+iQ`
Q7 d Ub22 a2+iBQM AAAV- QmiT2`7Q`KBM; Qi?2` T`QiQ+QHb i?�i
/Q MQi 2KTHQv [m�MimKM2bb Ub22 a2+iBQM AoVX Pm` T`Q@
iQ+QHb +�M #2 �TTHB2/ iQ /2bB;MBM; ?B;?Hv �++m`�i2 +HQ+Fb
�M/ iQ 2bi�#HBb?BM; bvM+?`QMBx�iBQM #2ir22M +HQ+Fb BM �
M2irQ`FX

AAX �**l_�*u J1�al_1

q2 KQ/2H +HQ+Fb �b /2pB+2b i?�i QmiTmi /Bb+`2i2 b2@
[m2M+2b Q7 iB+FbX ULQi2 i?�i BM i?Bb rQ`F r2 +QMbB/2` i?2
7mM/�K2Mi�H i�bF Q7 T`Q/m+BM; +HQ+F iB+Fb- r?B+? b?QmH/
MQi #2 +QM7mb2/ rBi? i?2 i�bF Q7 +HQ+F bvM+?`QMBx�iBQM �b
Bb Q7i2M +QMbB/2`2/ BM [m�MimK K2i`QHQ;v (dĜN)XV �M �+@
+m`�i2 +HQ+F Bb 2tT2+i2/ iQ T`Q/m+2 ?B;?Hv `2;mH�` iB+FbX
h?Bb `2;mH�`Biv +�M #2 +�Tim`2/ #v i?2 +HQ+FǶb �#BHBiv iQ
iBK2 2p2Mib- BX 2X r2 +�M �bbB;M i?2 iBK2 i�; ǳjǴ iQ �M
2p2Mi B7 Bi ?�TT2Mb �7i2` i?2 j@i? iB+F Q7 i?2 +HQ+F �M/
#27Q`2 i?2 (j + 1)@i? iB+F Q7 i?2 +HQ+FX � +HQ+F Bb KQ`2
�++m`�i2 B7 Bi ?�b ?B;?2` +?�M+2 iQ iBK2@i�; �M 2p2Mi mM@
�K#B;mQmbHvX :Bp2M � i�BH T`Q#�#BHBiv i?`2b?QH/ ϵ- Bi Bb
TQbbB#H2 iQ }M/ � M�``Qr BMi2`p�H QM i?2 iBK2HBM2 bm+?
i?�i r2 FMQr- rBi? +QM}/2M+2 1− ϵ- i?�i � +2`i�BM +HQ+F
iB+F �``Bp2b rBi?BM i?2 BMi2`p�HX h?2M- r?2i?2` � `�M/QK
2p2MiǶb iBK2 i�; Bb �K#B;mQmb /2T2M/b QM r?2i?2` Bi 7�HHb
QmibB/2 Q` rBi?BM i?Qb2 BMi2`p�Hb, A7 i?2 2p2Mi ?�TT2Mb
QmibB/2 i?2 BMi2`p�Hb- i?2M Bib iBK2 i�; Bb mM�K#B;mQmb-
#mi MQi B7 Bi ?�TT2Mb BMbB/2 �M BMi2`p�HX h?2 +?�M+2 Q7
�M 2p2Mi #2BM; �K#B;mQmb Bb i?mb i?2 `�iBQ Q7 i?2 rB/i?
Q7 �M BMi2`p�H iQ i?2 /Bbi�M+2 #2ir22M i?2 BMi2`p�Hb- �M/
i?mb r2 +�M +?QQb2 i?2 BMp2`b2 Q7 i?Bb `�iBQ �b �M �++m@
`�+v K2�bm`2X S`2+Bb2Hv- r2 ?�p2 i?2 7QHHQrBM; /2}MBiBQM
Q7 � +HQ+FǶb �++m`�+v,
.2}MBiBQM R U�++m`�+v Q7 � +HQ+FVX .2MQiBM; #v Tj i?2
iBK2 #2ir22M i?2 }`bi iB+F �M/ i?2 (j + 1)@i? iB+F- � +QM@
}/2M+2 BMi2`p�H rBi? i�BH T`Q#�#BHBiv ϵ Bb /2}M2/ �b �M
BMi2`p�H Cj,ϵ = (µj,ϵ − Σj,ϵ/2, µj,ϵ + Σj,ϵ/2) i?�i b�iBb}2b

Pr [Tj ̸∈ Cj,ϵ] ≤ ϵ. URV
6Q` � ;Bp2M i�BH T`Q#�#BHBiv ϵ- i?2 �++m`�+v Q7 � +HQ+F bB;M�H
Bb +?�`�+i2`Bx2/ #v i?2 b2i Q7 [m�MiBiB2b Rj,ϵ- /2}M2/ �b

Rj,ϵ := sup
Cj,ϵ

R (Cj,ϵ) R (Cj,ϵ) :=
µj,ϵ

Σj,ϵ
UkV

7Q` 2p2`v j �M/ ϵ- r?2`2 µj,ϵ �M/ Σj,ϵ �`2 /2}M2/ rBi?
`2bT2+i iQ i?2 +QM}/2M+2 BMi2`p�H Cj,ϵX
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:Bp2M �M BMTmi +HQ+F bB;M�H- i?2 ;Q�H Q7 �++m`�+v 2M@
?�M+2K2Mi Bb iQ T`Q/m+2 �M QmiTmi bB;M�H rBi? �b ?B;?
�++m`�+v �b TQbbB#H2- mbBM; �M BMi2`M�H +HQ+F �b BM 6B;X
RX hQ KQ/2H i?2 +HQ+F- r2 2ti2M/ i?2 +QM+2Ti Q7 �m@
iQMQKQmb +HQ+Fb BMi`Q/m+2/ BM (Ry- RR) �M/ /2p2HQT2/
BM (Rk- Rj)- r?B+? T`Q/m+2 bB;M�Hb rBi?Qmi �M 2ti2`M�H
iBK2 `272`2M+2X �M �miQMQKQmb +HQ+F Bb +?�`�+i2`Bx2/ #v
irQ F2v BM;`2/B2Mib, � +HQ+F bi�i2 Ur?B+? +�M #2 2Bi?2`
+H�bbB+�H Q` [m�MimKV �M/ � /2i2+iQ` r?B+? Bb � iBK2@
BM/2T2M/2Mi K2�bm`2K2Mi i?�i +QMbi�MiHv K2�bm`2b i?2
+HQ+F bi�i2 �M/ T`Q/m+2b iB+Fb (8- RR)X

h?2 KQbi �++m`�i2 �miQMQKQmb +HQ+Fb bQ 7�` (R9) �`2
i?2 Zm�bB@B/2�H +HQ+Fb (Rj)-(8)X aT2+B}+�HHv- � Zm�bB@B/2�H
+HQ+F Q7 /BK2MbBQM d �+?B2p2b �M �++m`�+v Q7 d1−ν 7Q` �Mv
TQbBiBp2 ν �M/ 7Q` �Mv i�BH T`Q#�#BHBiv ϵ > 0 BM i?2 HBKBi
Q7 H�`;2 dX �b BM _27X (8)- r2 i�F2 i?2 +HQ+F iQ #2 � `2b2i
+HQ+F- M�K2Hv i?�i- 2p2`v iBK2 Bi iB+Fb- i?2 +HQ+F bi�i2 Bb
�Hr�vb `2b2i iQ i?2 b�K2 [m�MimK bi�i2- i?�i r2 `272` iQ
BM i?2 7QHHQrBM; �b Bib `2b2i bi�i2X

hQ miBHBx2 i?2 BMTmi bB;M�H BM Qm` �++m`�+v 2M?�M+@
BM; T`QiQ+QH- r2 2ti2M/ �miQMQKQmb +HQ+Fb #v �//BM; �
brBi+? i?�i +QMi`QHb i?2 /2i2+iQ` Q7 i?2 +HQ+FX .2T2M/2Mi
QM i?2 bi�imb Q7 i?2 brBi+?- i?2 +HQ+F bvbi2K Bb ;Qp2`M2/
#v QM2 Q7 irQ /Bz2`2Mi /vM�KB+b, Mon- +Q``2bTQM/BM; iQ
i?2 +�b2 r?2M i?2 /2i2+iQ` Bb QM �M/ i?2 +HQ+F Bb T`Q/m+@
BM; iB+Fb- �M/ Moff +Q``2bTQM/BM; iQ i?2 +�b2 r?2M i?2
/2i2+iQ` Bb Qz �M/ i?2 +HQ+F 2pQHp2b rBi?Qmi #2BM; K2�@
bm`2/X AM T�`iB+mH�`- r?2M i?2 +HQ+F Bb [m�MimK- Moff

+Q``2bTQM/b iQ mMBi�`v /vM�KB+b i?�i /`Bp2b i?2 +HQ+F iQ
2pQHp2 T2`BQ/B+�HHv rBi?Qmi �Mv /BbbBT�iBQMX .2MQi2 #v d
i?2 /BK2MbBQM Q7 i?2 +HQ+FX hQ 2M?�M+2 i?2 BMTmi bB;M�H-
r2 `2[mB`2 � [m�MimK +HQ+F i?�i #2+QK2b KQ`2 �++m`�i2
�b d ;`Qrb H�`;2 �M/ �HbQ Bb `2bBHB2Mi iQ ~m+im�iBQMb BM
i?2 brBi+?BM; #2ir22M i?2 irQ /vM�KB+bX h?Bb Bb K�/2
2tTHB+Bi #v i?2 7QHHQrBM; +HQ+F +QM/BiBQM,

.2}MBiBQM k Uh?2 +HQ+F +QM/BiBQMVX *QMbB/2` �
[m�MimK +HQ+F BMBiB�HBx2/ BM i?2 bi�i2 Ψt∗ Ut∗ ∈
(−τ (c)/2, τ (c)/2]V rBi? � mMBi�`v 2pQHmiBQM T2`BQ/ Q7 τ (c)
UBX2X i?2 +HQ+F bi�i2 `2K�BMb i?2 b�K2 �7i2` Bi 2pQHp2b mM@
/2` Moff 7Q` τ (c)VX .2MQi2 #v T (c) i?2 iBK2 Bi i�F2b i?2
+HQ+F iQ iB+FX q2 b�v bm+? � [m�MimK +HQ+F b�iBb}2b i?2
+HQ+F +QM/BiBQM B7 i?2`2 2tBbi irQ 7mM+iBQMb Σ(c)

d �M/ ϵ(c)d
Q7 d- #Qi? p�MBb?BM; BM i?2 HBKBi Q7 d → ∞- bm+? i?�i 7Q`
�Mv t∗ ∈

(
− τ (c)−Σ(c)

d
2 ,

τ (c)−Σ(c)
d

2

)
- i?2 7QHHQrBM; BM2[m�HBiv

?QH/b

Pr

[
T (c) + t∗ ∈

(
τ (c) − Σ(c)

d

2
,
τ (c) + Σ(c)

d

2

)]
≥ 1− ϵ(c)d .

UjV

PM2 +�M BK�;BM2 i?�i � +HQ+F b�iBb7vBM; i?2 �#Qp2 +QM@
/BiBQM ?�b � ǳ?�M/Ǵ i?�i 2pQHp2b QM � +HQ+F 7�+2- �M/ 1[X
UjV `2[mB`2b i?�i i?2 +HQ+F iB+Fb B7 �M/ QMHv B7 Bib ?�M/
?Bib � +2`i�BM TQbBiBQM UBX 2X i?2 HQ+�iBQM Q7 i?2 /2i2+iQ`V

QM i?2 +HQ+F 7�+2 `2;�`/H2bb Q7 i?2 BMBiB�H TQbBiBQM Q7 i?2
?�M/X

6`QK 1[X UjV- r2 +�M b22 i?�i- 7Q` �Mv ϵ > 0- � [m�M@
imK +HQ+F b�iBb7vBM; i?2 +HQ+F +QM/BiBQM �M/ BMBiB�i2/ BM
i?2 bi�i2 Ψ0 ?�b �i H2�bi �M �++m`�+v

R(c)
d :=

τ (c)

2Σ(c)
d

U9V

7Q` H�`;2 2MQm;? dX h?2 +HQ+F +QM/BiBQM Bb b�iBb}2/ #v i?2
Zm�bB@B/2�H +HQ+F (8- Rj) Ub22 (R- G2KK� k) 7Q` /2i�BHbVX

LQr r2 �`2 `2�/v iQ BMi`Q/m+2 Qm` T`QiQ+QH- r?B+? 2M@
?�M+2b i?2 �++m`�+v Q7 BMTmi bB;M�Hb rBi?Qmi mbBM; 722/@
#�+F QM i?2 BMTmi bB;M�HX h?2 T`QiQ+QH `2[mB`2b �M BM@
i2`M�H [m�MimK +HQ+F b�iBb7vBM; i?2 +HQ+F +QM/BiBQM BM
.2}MBiBQM k- r?Qb2 bi�imb �i +2`i�BM iBK2 Bb bT2+B}2/
#v i?2 imTH2 (Ψt∗ ,M)- r?2`2 Ψt∗ /2MQi2b i?2 bi�i2 Q7
i?2 +HQ+F rBi? � ?�M/ T�`�K2i2` t∗ ∈ (−τ (c)/2, τ (c)/2]
�M/ M ∈ {Mon,Moff} Bb i?2 /vM�KB+b Q7 i?2 brBi+?@
+QMi`QHH2/ +HQ+FX

S`QiQ+QH R �++m`�+v 2M?�M+BM; T`QiQ+QH rBi?Qmi 722/@
#�+FX
R, UAMBiB�HBx�iBQMV q?2M `2+2BpBM; i?2 }`bi BMTmi iB+F- `2b2i

i?2 [m�MimK +HQ+F iQ (Ψ0,Mon)c
k, r?2M i?2 [m�MimK +HQ+F iB+Fb- T`Q/m+2 �M QmiTmi iB+F �M/

b2i i?2 [m�MimK +HQ+F iQ (Ψ0,Moff)c
j, r?2M `2+2BpBM; �M BMTmi iB+F- b2i i?2 [m�MimK +HQ+FǶb /v@

M�KB+ iQ Mon- BX2X im`M QM Bib /2i2+iQ`X

Pm` K�BM `2bmHi QM i?2 T2`7Q`K�M+2 Q7 S`QiQ+QH R Bb
bmKK�`Bx2/ �b i?2 7QHHQrBM; i?2Q`2K- r?Qb2 T`QQ7 +�M
#2 7QmM/ BM (R),
h?2Q`2K RX *QMbB/2` �M BXBX/X BMTmi bB;@
M�H rBi? � ;Bp2M ϵ@i�BH +QM}/2M+2 BMi2`p�H(
µ(in)
ϵ − Σ(in)

ϵ /2, µ(in)
ϵ + Σ(in)

ϵ /2
)

b�iBb7vBM; Σ(in)
ϵ <

2µ(in)
ϵ /3X 6Q` H�`;2 2MQm;? d- i?2 �++m`�+v Q7 i?2

(j + 1)@i? QmiTmi iB+F Q7 S`QiQ+QH R b�iBb}2b

R(out)
j,ϵj

≥ 6

5j
·R(in)

ϵ ·R(c)
d ϵj = j · ϵ0 U8V

7Q` �Mv ϵ0 > ϵ �M/ j < 2µ(in)
ϵ /(3Σ(in)

ϵ )X >2`2 R(in)
ϵ =(

µ(in)
ϵ /Σ(in)

ϵ

)2
Bb i?2 BMTmi �++m`�+v �M/ R(c)

d Bb i?2 �+@
+m`�+v Q7 i?2 BMi2`M�H [m�MimK +HQ+F ;Bp2M #v 1[X U9VX
q?2M i?2 [m�MimK +HQ+F BM S`QiQ+QH R Bb i�F2M iQ #2 �
Zm�bB@B/2�H +HQ+F- i?2 �++m`�+v +�M #2 7m`i?2` #QmM/2/ �b

R(out)
j,ϵj

≥ 3

5j
·R(in)

ϵ · d1−ν UeV

7Q` �Mv ν > 0X
h?2 `B;?i ?�M/ bB/2 i2`Kb Q7 1[bX U8V �M/ UeV /`QT

�b j ;`Qrb- BKTHvBM; i?�i i?2 QmiTmi bB;M�H #2+QK2b H2bb
�++m`�i2 �7i2` i?2 T`QiQ+QH `mMb 7Q` � HQM; iBK2X Ai im`Mb
Qmi i?�i i?Bb T`Q#H2K +�M #2 `2K2/B2/ r?2M 722/#�+F QM
i?2 BMTmi +HQ+F i?�i T`Q/m+2b i?2 BMTmi iB+Fb Bb �HHQr2/X
JQ`2 /2i�BHb Q7 i?2 722/#�+F T`QiQ+QH +�M #2 7QmM/ BM (R)X
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AM pB2r Q7 i?2 `2bmHib �#Qp2- Bi Bb M�im`�H iQ �bF r?2i?2`
� bBKBH�` BKT`Qp2K2Mi +QmH/ #2 �+?B2p2/ #v K2�Mb Q7
+H�bbB+�H BM7Q`K�iBQM T`Q+2bbBM;- M�K2Hv BM+Q?2`2Mi T`Q@
iQ+QHb i?�i T`Q+2bb i?2 BMTmi iB+Fb �M/fQ` i?2 BMi2`M�H
+HQ+FǶb iB+Fb iQ T`Q/m+2 � KQ`2 �++m`�i2 QmiTmi bB;M�HX
q?BH2 r2 /Q MQi ?�p2 � ;2M2`�H #QmM/- r2 T`2b2Mi ?2`2
irQ M�im`�H T`QiQ+QHb �M/ b?Qr i?�i �++m`�+v 2M?�M+2@
K2Mi Bb TQbbB#H2- #mi rBi? � HQr2` 7�+iQ`X 6Q` bBKTHB+@
Biv- r2 QKBi i�BH T`Q#�#BHBiB2b BM i?2 7QHHQrBM; /Bb+mbbBQM-
r?B+? +�M #2 `2;�`/2/ iQ #2 }t2/X

6B`bi- r2 b?Qr � bBKTH2 T`QiQ+QH mbBM; � d@/BK2MbBQM�H
+H�bbB+�H K2KQ`v i?�i BKT`Qp2b i?2 BMTmi bB;M�HǶb �++m@
`�+v,

S`QiQ+QH k �M BM+Q?2`2Mi T`QiQ+QH �+?B2pBM; �++m`�+v
2M?�M+2K2Mi #v #mM+?BM; BMTmi +HQ+F iB+FbX
R, UAMBiB�HBx�iBQMV a2i i?2 +H�bbB+�H K2KQ`v iQ i?2 bi�i2 c = 0c
k, r?2M `2+2BpBM; �M BMTmi iB+F,
j, B7 c = d − 1- i?2M T`Q/m+2 �M QmiTmi iB+F �M/ `2b2i i?2

K2KQ`v iQ i?2 BMBiB�H bi�i2 c = 0c
9, 2Hb2 c → c+ 1X
8, 2M/ B7

h?Bb +H�bbB+�H K2KQ`v +�M �HbQ #2 `2;�`/2/ �b � +HQ+F
/`Bp2M #v BMTmi bB;M�HbX h?Bb T`QiQ+QH BKT`Qp2b i?2 �+@
+m`�+v Q7 i?2 BMTmi bB;M�H #v #mM+?BM; i?2 BMTmi iB+FbX
LQiB+2 i?�i- /m2 iQ #mM+?BM;- i?2 7`2[m2M+v Q7 i?2 BMTmi
bB;M�H Bb �HbQ `2/m+2/ #v � 7�+iQ` Q7 dX

AM i?2 7QHHQrBM; r2 T`QTQb2 �MQi?2` BM+Q?2`2Mi T`QiQ@
+QH- r?B+? Bb +�T�#H2 Q7 T`2b2`pBM; i?2 7`2[m2M+v Q7 i?2
BMTmi bB;M�HX AK�;BM2 i?�i r2 �`2 ;Bp2M �M BMi2`M�H +HQ+F
bvbi2K rBi? Km+? ?B;?2` 7`2[m2M+v i?�M i?2 BMTmi bB;@
M�HX h?Bb BM+Q?2`2Mi T`QiQ+QH rQ`Fb #v B;MQ`BM; �HH iB+Fb
Q7 i?2 BMi2`M�H +HQ+F #mi QmiTmiiBM; QMHv i?2 QM2 i?�i
7QHHQrb BKK2/B�i2Hv �7i2` 2p2`v BMTmi iB+F- r?B+? +�M #2
/QM2 rBi? i?2 ?2HT Q7 �M �//BiBQM�H +H�bbB+�H #Bi c Uh?Bb
`2[mB`2K2Mi /Q2b MQi �z2+i Qm` �M�HvbBb- bBM+2 r2 +�`2
QMHv �#Qmi i?2 �bvKTiQiB+ b+�HBM; Q7 i?2 �++m`�+B2bVX 1t@
THB+BiHv- i?2 T`QiQ+QH rQ`Fb BM i?2 7QHHQrBM; K�MM2`,

S`QiQ+QH j �M BM+Q?2`2Mi T`QiQ+QH �+?B2pBM; �++m`�+v
2M?�M+2K2Mi #v #mM+?BM; BMi2`M�H +HQ+F iB+FbX
R, UAMBiB�HBx�iBQMV a2i i?2 +H�bbB+�H K2KQ`v iQ i?2 bi�i2 c = 0c
k, r?2M `2+2BpBM; �M BMTmi iB+F- b2i i?2 +H�bbB+�H K2KQ`v iQ

i?2 bi�i2 c = 1c
j, r?2M i?2 BMi2`M�H +HQ+F iB+Fb,
9, B7 c = 0- i?2M B;MQ`2 i?2 +HQ+F iB+F U�M/ /Q MQi?BM;Vc
8, 2Hb2 Uc = 1V T`Q/m+2 �M QmiTmi iB+F �M/ `2b2i i?2 K2KQ`v

iQ i?2 bi�i2 c = 0X
e, 2M/ B7

"Qi? BM+Q?2`2Mi T`QiQ+QHb HQb2 bQK2 �++m`�+v +QK@
T�`2/ iQ i?2 +Q?2`2Mi T`QiQ+QH- 2Bi?2` #v � 7�+iQ` Q7

√
R(c)

Q`
√
R(in) Ub22 (R) 7Q` i?2 /2`Bp�iBQMVX h?2 T2`7Q`K�M+2b

Q7 i?2 BM+Q?2`2Mi T`QiQ+QHb �`2 +QKT�`2/ iQ i?2 +Q?2`2Mi
QM2 BM h�#H2 AX � MmK2`B+�H bBKmH�iBQM- /2TB+i2/ BM 6B;X

10 20 30 40 50 60 70 80 90 100
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10

20
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Figure 1: Numerical results for the improvement in accuracy of the coherent and incoherent accuracy
enhancement protocol in the first tick. An i.i.d. box-shaped input tick of R(in) = 300 is improved
depending on the clock dimension d. The Logarithmic scale in R clearly shows a scaling of (2�2⌫) log d
for both the Coherent and Incoherent protocol.
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6A:X kX LmK2`B+�H `2bmHib 7Q` +QKT�`BM; i?2 +Q?2`2Mi
T`QiQ+QH US`QiQ+QH RV- i?2 BMTmi@#mM+?BM; T`QiQ+QH
US`QiQ+QH kV- �M/ i?2 +HQ+F@#mM+?BM; T`QiQ+QH US`Q@
iQ+QH jVX h?2 T2`7Q`K�M+2b Q7 /Bz2`2Mi �++m`�+v 2M?�M+BM;
T`QiQ+QHb QM �M BXBX/X #Qt@b?�T2/ BMTmi +HQ+F Q7 R(in)

ϵ ≈ 3
rBi? ϵ = 0.01 �`2 +QKT�`2/X h?2 +Q?2`2Mi T`QiQ+QH U`2/V �M/
i?2 BMTmi@#mM+?BM; T`QiQ+QH U;`22MV mb2 � Zm�bB@B/2�H +HQ+F
Q7 /BK2MbBQM d r?BHbi i?2 BMTmi@#mM+?BM; T`QiQ+QH U#Hm2V mb2b
� d@/BK2MbBQM�H +H�bbB+�H K2KQ`vX h?2 �HHQr2/ 2``Q` QM i?2
QmiTmi Bb +?Qb2M iQ #2 i?2 b�K2 �b i?2 QM2 QM i?2 BMTmi UBX 2X
ϵ0 = 0.01VX h?2 #H�+F- /Qii2/ HBM2 +Q``2bTQM/b iQ i?2 �bvKT@
iQiB+ HQr2` #QmM/ QM i?2 QmiTmi �++m`�+v BM 1[X U8V- THQii2/
7Q` � }t2/ +HQ+F 2``Q` ϵ(c) = 0.001X h?2 MmK2`B+�H bBKmH�@
iBQM +H2�`Hv b?Qrb �M �TT`QtBK�i2Hv HBM2�` b+�HBM; 7Q` #Qi?
i?2 +Q?2`2Mi T`QiQ+QH �M/ i?2 +HQ+F@#mM+?BM; T`QiQ+QH �M/√
d b+�HBM; 7Q` i?2 BMTmi@#mM+?BM; T`QiQ+QHX PM2 +�M �HbQ b22

i?�i i?2 HQr2` #QmM/ BM 1[X U8V Bb [mBi2 iB;?i 2p2M 7Q` HQr
/BK2MbBQMbX

S`QiQ+QHb �++m`�+v b+�HBM;
*Q?2`2Mi US`QiQ+QHb RV R(in) ·R(c)

"mM+?BM; BMTmi +HQ+F iB+Fb US`QiQ+QH kV R(in) ·
√
R(c)

"mM+?BM; BMi2`M�H +HQ+F iB+Fb US`QiQ+QH jV
√
R(in) ·R(c)

h�"G1 AX *QKT�`BbQM #2ir22M i?2 �bvKTiQiB+ T2`7Q`K�M+2b
Q7 +Q?2`2Mi �M/ BM+Q?2`2Mi T`QiQ+QHbX

k- b?Qrb i?�i i?2 T`QiQ+QH Q7 #mM+?BM; +HQ+F iB+Fb- i?2
T`QiQ+QH Q7 #mM+?BM; BMTmi iB+Fb �M/ i?2 +Q?2`2Mi T`QiQ@
+QH UBMi`Q/m+2/ BM a2+iBQM AAAV �`2 �HH +�T�#H2 Q7 �+?B2pBM;
�M 2M?�M+2K2Mi- r?BH2 i?2 T2`7Q`K�M+2 Q7 i?2 +Q?2`2Mi
T`QiQ+QH Bb +H2�`Hv �#Qp2 i?�i Q7 i?2 Qi?2` irQ T`QiQ+QHbX
6BM�HHv- r2 `2K�`F i?�i i?2 b�K2 B/2� rQ`Fb �HbQ BM i?2
b2iiBM; r?2`2 722/#�+F Bb �p�BH�#H2X

oX *PL*GlaAPL

AM i?Bb rQ`F- r2 T`QTQb2/ T`QiQ+QHb i?�i 2M?�M+2 i?2
�++m`�+v Q7 � +HQ+F bB;M�H #v � 7�+iQ` Q7 Q`/2` d- mb@
BM; � [m�MimK bvbi2K Q7 /BK2MbBQM dX h?2`2 �`2 irQ
F2v T`QT2`iB2b Q7 i?2 +HQ+F i?�i H2�/ iQ i?Bb �++m`�+v 2M@
?�M+2K2MiX PM2 Bb i?�i- 7Q` i?2 Zm�bB@B/2�H +HQ+F- Bib 2`@
`Q` Bb �HKQbi BM/2T2M/2Mi Q7 Bib BMBiB�H TQbBiBQM- BX2X r?2M
i?2 /2i2+iQ` Bb brBi+?2/ QMX h?2 Qi?2` Bb i?�i- 7Q` KQbi
Q7 i?2 iBK2 BM i?2 T`QiQ+QH- i?2 +HQ+F 2pQHp2b rBi?Qmi
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�Mv /BbbBT�iBQMX h?2b2 irQ T`QT2`iB2b Q`B;BM�i2 7`QK i?2
[m�MimKM2bb Q7 i?2 +HQ+F bvbi2KX AM i?Bb b2Mb2- Qm` rQ`F
DmbiB}2b i?2 TQr2` Q7 [m�MimKM2bb BM 2M?�M+BM; i?2 �+@
+m`�+v Q7 +HQ+FbX h?Bb TQBMi Bb 7m`i?2` bi`2M;i?2M2/ pB�
i?2 +QKT�`BbQM rBi? irQ BM+Q?2`2Mi T`QiQ+QHbX

�*ELPqG1.:J1Lha

h?Bb rQ`F Bb bmTTQ`i2/ #v i?2 arBbb L�iBQM�H a+B@
2M+2 6QmM/�iBQM pB� i?2 L�iBQM�H *2Mi2` 7Q` *QKT2@
i2M+2 BM _2b2�`+? ǳZaAhǴ �b r2HH �b pB� T`QD2+i LQX
kyyykynRe839jX q2 i?�MF JBb+?� qQQ/b 7Q` i2+?MB+�H
/Bb+mbbBQMb `2;�`/BM; i?2 Zm�bB@A/2�H +HQ+FX

(R) umtB�M; u�M;- G2MM�`i "�mK; `iM2`- _�HT? aBHp�- �M/
_2M�iQ _2MM2`X Zm�MimK �++m`�+v 2M?�M+BM; T`QiQ+QHb
7Q` +HQ+FbX AM T`2T�`�iBQM Ub22 �ii�+?2/VX

(k) "C "HQQK- hG LB+?QHbQM- C_ qBHHB�Kb- aG *�KT#2HH-
J "Bb?Q7- s w?�M;- q w?�M;- aG "`QKH2v- �M/ C u2X
�M QTiB+�H H�iiB+2 +HQ+F rBi? �++m`�+v �M/ bi�#BHBiv �i
i?2 Ry@ R3 H2p2HX L�im`2- 8yeUd93eV,dR- kyR9X

(j) �M/`2r . Gm/HQr- J�`iBM J "Qv/- CmM u2- 1FF2?�`/
S2BF- �M/ SB2i P a+?KB/iX PTiB+�H �iQKB+ +HQ+FbX _2pB2rb
Q7 JQ/2`M S?vbB+b- 3dUkV,ejd- kyR8X

(9) �X .X Gm/HQr- qX 6X J+:`2r- sX w?�M;- .X LB+QHQ/B-
_X CX 6�b�MQ- aX �X a+?�z2`- _X *X "`QrM- _X qX 6Qt-
LX >BMFH2v- hX >X uQQM- �M/ EX "2HQvX PTiB+�H 7`2[m2M+v
K2�bm`2K2Mib �i 1 × 10−18 mM+2`i�BMiv rBi? uii2`#BmK
QTiB+�H H�iiB+2 +HQ+FbX AM kyR3 *QM72`2M+2 QM S`2+BbBQM
1H2+i`QK�;M2iB+ J2�bm`2K2Mib U*S1J kyR3V- T�;2b RĜk-
kyR3X

(8) JBb+?� S qQQ/b- _�HT? aBHp�- :BHH2b SɃix- a�M/`�
aimT�`- �M/ _2M�iQ _2MM2`X Zm�MimK +HQ+Fb �`2
KQ`2 �++m`�i2 i?�M +H�bbB+�H QM2bX �`sBp T`2T`BMi
�`sBp,R3yeXyy9NR- kyR3X

(e) �M/`2B .2`2pB�MFQ �M/ >B/2iQb?B E�iQ`BX *QHHQ[mBmK,
S?vbB+b Q7 QTiB+�H H�iiB+2 +HQ+FbX _2pB2rb Q7 JQ/2`M
S?vbB+b- 3jUkV,jjR- kyRRX

(d) oH�/BKő` "mʈ2F- _�/QbH�p .2`F�- �M/ a2`;2 J�bb�`X
PTiBK�H [m�MimK +HQ+FbX S?vbB+�H _2pB2r G2ii2`b-

3kURyV,kkyd- RNNNX
(3) _B+?�`/ CQxb�- .�MB2H a �#`�Kb- CQM�i?�M S .QrHBM;-

�M/ *QHBM S qBHHB�KbX Zm�MimK +HQ+F bvM+?`QMBx�iBQM
#�b2/ QM b?�`2/ T`BQ` 2Mi�M;H2K2MiX S?vbB+�H _2pB2r
G2ii2`b- 38UNV,kyRy- kyyyX

(N) S2i2` EQK�`- 1`B+ J E2bbH2`- JB+?�2H "Bb?Q7- GB�M;
CB�M;- �M/2`b a aǠ`2Mb2M- CmM u2- �M/ JBF?�BH . GmFBMX
� [m�MimK M2irQ`F Q7 +HQ+FbX L�im`2 S?vbB+b- RyU3V,83k-
kyR9X

(Ry) S�mH 1`F2`X h?2 [m�MimK ?Qm`;H�bb, �TT`Q�+?BM;
iBK2 K2�bm`2K2Mi rBi? [m�MimK BM7Q`K�iBQM i?2Q`vX
J�bi2`Ƕb i?2bBb- 1B/;2MƺbbBb+?2 h2+?MBb+?2 >Q+?b+?mH2
wɃ`B+?- kyR9X

(RR) a�M/`� _�MFQpBÉ- u2QM;@*?2`M; GB�M;- �M/ _2M�iQ _2M@
M2`X Zm�MimK +HQ+Fb �M/ i?2B` bvM+?`QMBb�iBQM @ i?2
�Hi2`M�i2 iB+Fb ;�K2X �`sBp T`2T`BMi �`sBp,R8yeXyRjdj-
kyR8X

(Rk) S�mH 1`F2`- J�`F h JBi+?BbQM- _�HT? aBHp�- JBb+?� S
qQQ/b- LB+QH�b "`mMM2`- �M/ J�`+mb >m#2`X �m@
iQMQKQmb [m�MimK +HQ+Fb, /Q2b i?2`KQ/vM�KB+b HBKBi
Qm` �#BHBiv iQ K2�bm`2 iBK2\ S?vbB+�H _2pB2r s-
dUjV,yjRykk- kyRdX

(Rj) JBb+?� SX qQQ/b- _�HT? aBHp�- �M/ CQM�i?�M PTT2M@
?2BKX �miQMQKQmb [m�MimK K�+?BM2b �M/ }MBi2@bBx2/
+HQ+FbX �MM�H2b >2M`B SQBM+�`û- kyR3X

(R9) BX2X i?Qb2 rBi? �M�HviB+�H HQr2` #QmM/b QM i?2 �++m`�+vX



Zm�MimK �++m`�+v 2M?�M+BM; T`QiQ+QHb 7Q` +HQ+Fb

umtB�M; u�M;- G2MM�`i "�mK; `iM2`- _�HT? aBHp�- �M/ _2M�iQ _2MM2`
AMbiBimi2 7Q` h?2Q`2iB+�H S?vbB+b- 1h> wɃ`B+?- arBix2`H�M/

q2 bim/v ?Qr BMi2`�+iBQM #2ir22M +HQ+Fb +QmH/ 2M?�M+2 i?2B` T`Q/m+iBQM Q7 iBK2 BM7Q`K�iBQMX AM
T�`iB+mH�`- r2 +QMbB/2` � bBim�iBQM r?2`2 � [m�MimK +HQ+F `2+2Bp2b � HQr@�++m`�+v +HQ+F bB;M�H �b
BMTmi �M/ �bF r?2i?2` Bi +�M ;2M2`�i2 �M QmiTmi Q7 ?B;?2` �++m`�+vX q2 T`QTQb2 � T`QiQ+QH i?�i-
rBi? � [m�MimK +HQ+F Q7 /BK2MbBQM d- �+?B2p2b �M �++m`�+v 2M?�M+2K2Mi #v � 7�+iQ` d UBM i?2 HBKBi
Q7 H�`;2 dVX A7 722/#�+F QM i?2 BMTmi bB;M�H Bb �HHQr2/- Qm` T`QiQ+QH Bb +�T�#H2 Q7 `2i�BMBM; � ?B;?
�++m`�+v 7Q` � HQM;2` iBK2X Pm` T`QiQ+QHb +�M #2 �TTHB2/ iQ /2bB;MBM; ?B;?Hv �++m`�i2 +HQ+Fb �M/ iQ
2bi�#HBb?BM; bvM+?`QMBx�iBQM #2ir22M +HQ+Fb BM � M2irQ`FX

AX ALh_P.l*hAPL

h?2 bi2�/v /2p2HQTK2Mi Q7 [m�MimK i2+?MQHQ;B2b Qp2`
i?2 T�bi 72r v2�`b ?�b �HbQ ?�/ �M BKT�+i QM iBK2F22TBM;X
AM/22/- iQ/�vǶb KQbi �++m`�i2 +HQ+Fb �`2 bQT?BbiB+�i2/
[m�MimK /2pB+2b (RĜj)X h?2`2 �`2 �HbQ 7mM/�K2Mi�H `2�@
bQMb bm;;2biBM; i?�i Bi Bb 7�pQ`�#H2 iQ 2tTHQBi [m�MimK
T?2MQK2M� r?2M #mBH/BM; +HQ+FbX 6Q` 2t�KTH2- BM � `2@
+2Mi rQ`F #v qQQ/b- SɃix- aimT�`- �M/ irQ Q7 i?2 T`2b2Mi
�mi?Q`b (9)- Bi r�b b?QrM i?�i +HQ+Fb #mBHi rBi? [m�MimK
bvbi2Kb +�M #2 [m�/`�iB+�HHv KQ`2 �++m`�i2 i?�M +HQ+Fb
#mBHi rBi? +H�bbB+�H bvbi2Kb Q7 i?2 b�K2 /BK2MbBQMX

>Qr2p2`- i?Bb `2bmHi +QM+2`Mb bBM;H2 +HQ+Fb- r?B+? �`2
BbQH�i2/ 7`QK 2�+? Qi?2`X >2`2 r2 �bF r?2i?2` BMi2`�+iBQM
#2ir22M bm+? +HQ+Fb +�M T`QpB/2 �M 2M?�M+2K2Mi Q7 i?2
iBK2 BM7Q`K�iBQM T`Q/m+2/ #v i?2KX �M �Mbr2` iQ i?Bb
[m2biBQM rQmH/ BMbTB`2 M2r K2+?�MBbKb Q7 KQ`2 `2HB�#H2
iBK2@i`�+FBM; �M/ rBi? i?�i +QMi`B#mi2 iQ `2b2�`+? QM i?2
7`QMiB2` Q7 T?vbB+bX

6A:X RX h?2 �++m`�+v 2M?�M+BM; i�bFX �M BMi2`M�H +HQ+F
bvbi2K rBi? }t2/ /BK2MbBQM `2+2Bp2b � +HQ+F bB;M�H 7`QK �M
BMTmi +HQ+F �M/ T`Q/m+2b �M 2M?�M+2/ +HQ+F bB;M�H �b Qmi@
TmiX h?2 T2`7Q`K�M+2 Q7 i?2 T`QiQ+QH +�M #2 7m`i?2` BKT`Qp2/
r?2M 722/#�+F QM i?2 BMTmi +HQ+F Bb �HHQr2/X

*QM+`2i2Hv- r2 +QMbB/2` � b2iiBM; r?2`2 �M BMi2`M�H
+HQ+F `2+2Bp2b � bB;M�H �b BMTmi- TQbbB#Hv ;2M2`�i2/ #v
�MQi?2` +HQ+F U/2MQi2/ �b i?2 BMTmi +HQ+FV- �M/ T`Q/m+2b
� KQ`2 �++m`�i2 QmiTmi bB;M�H i?�M #Qi? i?2 BMTmi bB;M�H
�M/ i?2 BMi2`M�H bB;M�H- �b BHHmbi`�i2/ BM 6B;X RX aBKTH2
�b Bi Bb- i?Bb b2iiBM; +�Tim`2b i?2 2bb2M+2 Q7 2M?�M+BM;
+HQ+Fb �M/ +�M #2 `2�/BHv ;2M2`�HBx2/ iQ KQ`2 +QKTH2t
b2iiBM;bX 6Q` BMbi�M+2- �iQKB+ +HQ+Fb (k- j- 8) �`2 #�b2/
QM � bBKBH�` B/2� Q7 ?�pBM; � +HQ+F BMTmi Bib iB+Fb BMiQ �
+QM;`2;�iBQM Q7 �iQKbX _�/BQ +HQ+Fb �HbQ ?�p2 i?2 b�K2
bi`m+im`2 r?2`2 HQ+�H +HQ+Fb 2M?�M+2 i?2B` �++m`�+v #v
`2+2BpBM; #`Q�/+�bi +HQ+F bB;M�HbX q2 T`QTQb2 T`QiQ+QHb
r?2`2 �M BMi2`M�H bvbi2K Q7 /BK2MbBQM d < ∞ 2M?�M+2b
i?2 �++m`�+v Q7 �M BMTmi +HQ+F bB;M�HX q2 b?Qr i?�i-
rBi? � d@/BK2MbBQM�H [m�MimK bvbi2K- Bi Bb TQbbB#H2 iQ
BKT`Qp2 i?2 �++m`�+v Q7 i?2 BMTmi bB;M�H mT iQ � 7�+iQ`
Q7 d Ub22 a2+iBQM AAAV- QmiT2`7Q`KBM; Qi?2` T`QiQ+QHb i?�i
/Q MQi 2KTHQv [m�MimKM2bb Ub22 a2+iBQM oVX A7 722/#�+F
QM i?2 BMTmi bB;M�H Bb �HHQr2/- Qm` T`QiQ+QH Bb +�T�#H2
Q7 #2+QKBM; KQ`2 �++m`�i2 Qp2` iBK2 Ub22 a2+iBQM AoVX
Pm` T`QiQ+QHb +�M #2 �TTHB2/ iQ /2bB;MBM; ?B;?Hv �++m@
`�i2 +HQ+Fb �M/ iQ 2bi�#HBb?BM; bvM+?`QMBx�iBQM #2ir22M
+HQ+Fb BM � M2irQ`F Ub22 a2+iBQM oAVX

AAX �**l_�*u J1�al_1

q2 KQ/2H +HQ+Fb �b /2pB+2b i?�i QmiTmi /Bb+`2i2 b2@
[m2M+2b Q7 iB+FbX ULQi2 i?�i BM i?Bb rQ`F r2 +QMbB/2` i?2
7mM/�K2Mi�H i�bF Q7 T`Q/m+BM; +HQ+F iB+Fb- r?B+? b?QmH/
MQi #2 +QM7mb2/ rBi? i?2 i�bF Q7 +HQ+F bvM+?`QMBx�iBQM �b
Bb Q7i2M +QMbB/2`2/ BM [m�MimK K2i`QHQ;v (eĜ3)XV �M �+@
+m`�i2 +HQ+F Bb 2tT2+i2/ iQ T`Q/m+2 ?B;?Hv `2;mH�` iB+FbX
h?Bb `2;mH�`Biv +�M #2 +�Tim`2/ #v i?2 +HQ+FǶb �#BHBiv iQ
iBK2 2p2Mib- BX 2X r2 +�M �bbB;M i?2 iBK2 i�; ǳjǴ iQ �M
2p2Mi B7 Bi ?�TT2Mb �7i2` i?2 j@i? iB+F Q7 i?2 +HQ+F �M/
#27Q`2 i?2 (j + 1)@i? iB+F Q7 i?2 +HQ+FX � +HQ+F Bb KQ`2
�++m`�i2 B7 Bi ?�b ?B;?2` +?�M+2 iQ iBK2@i�; �M 2p2Mi mM@
�K#B;mQmbHvX :Bp2M � i�BH T`Q#�#BHBiv i?`2b?QH/ ϵ- Bi Bb
TQbbB#H2 iQ }M/ � M�``Qr BMi2`p�H QM i?2 iBK2HBM2 bm+?
i?�i r2 FMQr- rBi? +QM}/2M+2 1− ϵ- i?�i � +2`i�BM +HQ+F
iB+F �``Bp2b rBi?BM i?2 BMi2`p�HX h?2M- r?2i?2` � `�M/QK
2p2MiǶb iBK2 i�; Bb �K#B;mQmb /2T2M/b QM r?2i?2` Bi 7�HHb
QmibB/2 Q` rBi?BM i?Qb2 BMi2`p�Hb, A7 i?2 2p2Mi ?�TT2Mb
QmibB/2 i?2 BMi2`p�Hb- i?2M Bib iBK2 i�; Bb mM�K#B;mQmb-



k

#mi MQi B7 Bi ?�TT2Mb BMbB/2 �M BMi2`p�HX h?2 +?�M+2 Q7
�M 2p2Mi #2BM; �K#B;mQmb Bb i?mb i?2 `�iBQ Q7 i?2 rB/i?
Q7 �M BMi2`p�H iQ i?2 /Bbi�M+2 #2ir22M i?2 BMi2`p�Hb- �M/
i?mb r2 +�M +?QQb2 i?2 BMp2`b2 Q7 i?Bb `�iBQ �b �M �++m@
`�+v K2�bm`2X S`2+Bb2Hv- r2 ?�p2 i?2 7QHHQrBM; /2}MBiBQM
Q7 � +HQ+FǶb �++m`�+v,

.2}MBiBQM R U�++m`�+v Q7 � +HQ+FVX .2MQiBM; #v Tj i?2
iBK2 #2ir22M i?2 }`bi iB+F �M/ i?2 (j + 1)@i? iB+F- � +QM@
}/2M+2 BMi2`p�H rBi? i�BH T`Q#�#BHBiv ϵ Bb /2}M2/ �b �M
BMi2`p�H Cj,ϵ = (µj,ϵ − Σj,ϵ/2, µj,ϵ + Σj,ϵ/2) i?�i b�iBb}2b

Pr [Tj ̸∈ Cj,ϵ] ≤ ϵ. URV

6Q` � ;Bp2M i�BH T`Q#�#BHBiv ϵ- i?2 �++m`�+v Q7 � +HQ+F bB;M�H
Bb +?�`�+i2`Bx2/ #v i?2 b2i Q7 [m�MiBiB2b Rj,ϵ- /2}M2/ �b

Rj,ϵ := sup
Cj,ϵ

R (Cj,ϵ) R (Cj,ϵ) :=
µj,ϵ

Σj,ϵ
UkV

7Q` 2p2`v j �M/ ϵ- r?2`2 µj,ϵ �M/ Σj,ϵ �`2 /2}M2/ rBi?
`2bT2+i iQ i?2 +QM}/2M+2 BMi2`p�H Cj,ϵX

6Q` BXBX/X +HQ+F bB;M�Hb- i?2 �++m`�+v Q7 Qi?2` iB+Fb +�M
#2 2biBK�i2/ 7`QK i?2 �++m`�+v Q7 i?2 }`bi iB+FX amTTQb2
R1,ϵ = R(C1,ϵ) 7Q` bQK2 +QM}/2M+2 BMi2`p�H C1,ϵ = (µϵ −
Σϵ/2, µϵ+Σϵ/2)X �TTHvBM; >Q2z/BM;Ƕb BM2[m�HBiv rBi?BM
C1,ϵ- r2 +�M #QmM/ i?2 T`Q#�#BHBiv i?�i i?2 (j + 1)@i?
iB+F 7�HHb Qmi Q7 � +QM}/2M+2 BMi2`p�H Q7 bBx2 O(

√
j · Σϵ)X

JQ`2 T`2+Bb2Hv- r2 ?�p2

Rj,ϵj,n ≥
√
j

n
R1,ϵ, UjV

r?2`2 ϵj,n := 1− (1− ϵ)j(1− 2e−n2/2) �M/ n > 0 Bb � T�@
`�K2i2` +QMi`QHHBM; i?2 rB/i? Q7 i?2 +QM}/2M+2 BMi2`p�HX
q?BH2 Rj,ϵj,n BM+`2�b2b rBi? j- i?2 +QM}/2M+2 1− ϵj,n /2@
+`2�b2b KQMQiQMB+�HHv- r?B+? `2~2+ib i?2 HQM;@i2`K 2z2+i
Q7 i?Qb2 mM/2bB`2/ iB+Fb QM i?2 �++m`�+vX am+? �M 2z2+i
+�M QMHv #2 `2K2/B2/ r?2M i?2 iB+FǶb /Bbi`B#miBQM ?�b /2@
bB`2/ i�BH #2?�pBQ`X 6Q` BMbi�M+2- B7 i?2 /Bbi`B#miBQM Q7 T1

Bb bm#@:�mbbB�M UK2�MBM; i?�i Bi ?�b � i�BH i?�i p�MBb?2b
�i H2�bi �b 7�bi �b bQK2 :�mbbB�M /Bbi`B#miBQMV- >Q2z/@
BM;Ƕb BM2[m�HBiv T`QpB/2b � iB;?i2` #QmM/ QM i?2 �++m`�+v
Q7 i?2 (j + 1)@i? iB+F �b

Rj,ϵ ≥ fϵ ·
√
j ·R1,ϵ, U9V

r?2`2 fϵ > 0 /2T2M/b QMHv QM ϵ �M/ i?2 /Bbi`B#miBQM
Q7 T1X J�Mv ivT2b Q7 +HQ+F bB;M�H /Bbi`B#miBQMb- BM+Hm/@
BM;- 7Q` BMbi�M+2- :�mbbB�M /Bbi`B#miBQMb- i`B�M;H2@b?�T2/
/Bbi`B#miBQMb- �M/ b[m�`2@b?�T2/ /Bbi`B#miBQMb �`2 bm#@
:�mbbB�MX Ai �HbQ +�Tim`2b bBim�iBQMb r?2`2 i?2 BMTmi Bb
� KBtim`2 Q7 b2p2`�H T2`72+i bB;M�Hb UBX 2X /2Hi� 7mM+iBQMbV
rBi? bHB;?iHv /Bz2`2Mi 7`2[m2M+B2bX AM �HH i?2b2 +�b2b- 1[X
U9V ?QH/b �M/ i?2 KmHiBTH2 iB+F �++m`�+v BM+`2�b2b HBM2�`Hv
BM i?2 MmK#2` Q7 iB+Fb +QMbB/2`2/X

Pm` �++m`�+v K2�bm`2 +�M #2 +QKT�`2/ iQ �MQi?2`
K2�bm`2 Q7 +HQ+F �++m`�+v +QMbB/2`2/ BM (9- N)- r?B+? Bb
/2}M2/ �b R̃j := (µj/σj)2 rBi? µj �M/ σj #2BM; i?2 K2�M

�M/ i?2 bi�M/�`/ /2pB�iBQM Q7 Tj - `2bT2+iBp2HvX am+? �
K2�bm`2 Q7 �++m`�+v Bb b2MbBiBp2 iQ i?2 i�BH #2?�pBQ` Q7
Tj Ƕb T`Q#�#BHBiv /Bbi`B#miBQM- BX 2X iQ iB+Fb i?�i /2pB�i2 �
HQi 7`QK i?2B` K2�Mb #mi ?�TT2M rBi? p2`v bK�HH T`Q#�@
#BHBivX 6Q` BMbi�M+2- B7 � +HQ+F T`Q/m+2b iB+Fb i?�i /2pB�i2
7`QK � +QM}/2M+2 PM i?2 Qi?2` ?�M/- 7Q` �Mv +HQ+F iB+F
�+?B2pBM; �++m`�+v R̃ BM i2`Kb Q7 i?2 K2�bm`2 +QMbB/2`2/
BM (9- N)- Bi Bb BKK2/B�i2 7`QK *?2#vb?2pǶb BM2[m�HBiv i?�i
Bi ?�b �++m`�+v

Rϵ ≥
√
ϵ · R̃ U8V

BM i2`Kb Q7 Qm` K2�bm`2X aBM+2 i?2 Qi?2` K2�bm`2 b�iBb}2b
R̃j = j · R̃1 7Q` KmHiBTH2 BXBX/X iB+Fb- r2 ?�p2

Rj,ϵ ≥
√

j · ϵ · R̃1 UeV

7Q` �Mv +HQ+F T`Q/m+BM; BXBX/X bB;M�HbX

AAAX �**l_�*u 1L>�L*AL: S_PhP*PG

:Bp2M �M BMTmi +HQ+F bB;M�H- i?2 ;Q�H Q7 �++m`�+v 2M@
?�M+2K2Mi Bb iQ T`Q/m+2 �M QmiTmi bB;M�H rBi? �b ?B;?
�++m`�+v �b TQbbB#H2- mbBM; �M BMi2`M�H +HQ+F �b BM 6B;X RX
hQ KQ/2H i?2 +HQ+F- r2 2ti2M/ i?2 +QM+2Ti Q7 �miQMQKQmb
+HQ+Fb BMi`Q/m+2/ BM (Ry- RR) �M/ /2p2HQT2/ BM (N- Rk)-
r?B+? T`Q/m+2 bB;M�Hb rBi?Qmi �M 2ti2`M�H iBK2 `272`@
2M+2X �M �miQMQKQmb +HQ+F Bb +?�`�+i2`Bx2/ #v irQ F2v
BM;`2/B2Mib, � +HQ+F bi�i2 Ur?B+? +�M #2 2Bi?2` +H�bbB+�H
Q` [m�MimKV �M/ � /2i2+iQ` r?B+? Bb � iBK2@BM/2T2M/2Mi
K2�bm`2K2Mi i?�i +QMbi�MiHv K2�bm`2b i?2 +HQ+F bi�i2
�M/ T`Q/m+2b iB+Fb (9- RR)X

h?2 KQbi �++m`�i2 �miQMQKQmb +HQ+Fb bQ 7�` (Rj) �`2
i?2 Zm�bB@B/2�H +HQ+Fb (Rk)-(9)X aT2+B}+�HHv- � Zm�bB@B/2�H
+HQ+F Q7 /BK2MbBQM d �+?B2p2b �M �++m`�+v Q7 d1−ν 7Q` �Mv
TQbBiBp2 ν �M/ 7Q` �Mv i�BH T`Q#�#BHBiv ϵ > 0 BM i?2 HBKBi
Q7 H�`;2 d Ub22 _27X (9)c �HbQ b22 �TT2M/Bt � 7Q` i?2 T`QQ7
BM i2`Kb Q7 i?2 �++m`�+v K2�bm`2 UkVVX �b BM _27X (9)-
r2 i�F2 i?2 +HQ+F iQ #2 � `2b2i +HQ+F- M�K2Hv i?�i- 2p2`v
iBK2 Bi iB+Fb- i?2 +HQ+F bi�i2 Bb �Hr�vb `2b2i iQ i?2 b�K2
[m�MimK bi�i2- i?�i r2 `272` iQ BM i?2 7QHHQrBM; �b Bib
`2b2i bi�i2X

hQ miBHBx2 i?2 BMTmi bB;M�H BM Qm` �++m`�+v 2M?�M+@
BM; T`QiQ+QH- r2 2ti2M/ �miQMQKQmb +HQ+Fb #v �//BM; �
brBi+? i?�i +QMi`QHb i?2 /2i2+iQ` Q7 i?2 +HQ+FX .2T2M/2Mi
QM i?2 bi�imb Q7 i?2 brBi+?- i?2 +HQ+F bvbi2K Bb ;Qp2`M2/
#v QM2 Q7 irQ /Bz2`2Mi /vM�KB+b, Mon- +Q``2bTQM/BM; iQ
i?2 +�b2 r?2M i?2 /2i2+iQ` Bb QM �M/ i?2 +HQ+F Bb T`Q/m+@
BM; iB+Fb- �M/ Moff +Q``2bTQM/BM; iQ i?2 +�b2 r?2M i?2
/2i2+iQ` Bb Qz �M/ i?2 +HQ+F 2pQHp2b rBi?Qmi #2BM; K2�@
bm`2/X AM T�`iB+mH�`- r?2M i?2 +HQ+F Bb [m�MimK- Moff

+Q``2bTQM/b iQ mMBi�`v /vM�KB+b i?�i /`Bp2b i?2 +HQ+F iQ
2pQHp2 T2`BQ/B+�HHv rBi?Qmi �Mv /BbbBT�iBQMX .2MQi2 #v d
i?2 /BK2MbBQM Q7 i?2 +HQ+FX hQ 2M?�M+2 i?2 BMTmi bB;M�H-
r2 `2[mB`2 � [m�MimK +HQ+F i?�i #2+QK2b KQ`2 �++m`�i2
�b d ;`Qrb H�`;2 �M/ �HbQ Bb `2bBHB2Mi iQ ~m+im�iBQMb BM
i?2 brBi+?BM; #2ir22M i?2 irQ /vM�KB+bX h?Bb Bb K�/2
2tTHB+Bi #v i?2 7QHHQrBM; +HQ+F +QM/BiBQM,



j

.2}MBiBQM k Uh?2 +HQ+F +QM/BiBQMVX *QMbB/2` �
[m�MimK +HQ+F BMBiB�HBx2/ BM i?2 bi�i2 Ψt∗ Ut∗ ∈
(−τ (c)/2, τ (c)/2]V rBi? � mMBi�`v 2pQHmiBQM T2`BQ/ Q7 τ (c)
UBX2X i?2 +HQ+F bi�i2 `2K�BMb i?2 b�K2 �7i2` Bi 2pQHp2b mM@
/2` Moff 7Q` τ (c)VX .2MQi2 #v T (c) i?2 iBK2 Bi i�F2b i?2
+HQ+F iQ iB+FX q2 b�v bm+? � [m�MimK +HQ+F b�iBb}2b i?2
+HQ+F +QM/BiBQM B7 i?2`2 2tBbi irQ 7mM+iBQMb Σ(c)

d �M/ ϵ(c)d
Q7 d- #Qi? p�MBb?BM; BM i?2 HBKBi Q7 d → ∞- bm+? i?�i 7Q`
�Mv t∗ ∈

(
− τ (c)−Σ(c)

d
2 ,

τ (c)−Σ(c)
d

2

)
- i?2 7QHHQrBM; BM2[m�HBiv

?QH/b

Pr

[
T (c) + t∗ ∈

(
τ (c) − Σ(c)

d

2
,
τ (c) + Σ(c)

d

2

)]
≥ 1− ϵ(c)d .

UdV
PM2 +�M BK�;BM2 i?�i � +HQ+F b�iBb7vBM; i?2 �#Qp2 +QM@

/BiBQM ?�b � ǳ?�M/Ǵ i?�i 2pQHp2b QM � +HQ+F 7�+2- �M/ 1[X
UdV `2[mB`2b i?�i i?2 +HQ+F iB+Fb B7 �M/ QMHv B7 Bib ?�M/
?Bib � +2`i�BM TQbBiBQM UBX 2X i?2 HQ+�iBQM Q7 i?2 /2i2+iQ`V
QM i?2 +HQ+F 7�+2 `2;�`/H2bb Q7 i?2 BMBiB�H TQbBiBQM Q7 i?2
?�M/X �MQi?2` F2v 72�im`2 Bb i?�i i?2 rB/i? Q7 i?2 +QM@
}/2M+2 BMi2`p�H `2K�BMb mM+?�M;2/- 7Q` /Bz2`2Mi BMBiB�H
+HQ+F bi�i2bX

6`QK 1[X UdV- r2 +�M b22 i?�i- 7Q` �Mv ϵ > 0- � [m�M@
imK +HQ+F b�iBb7vBM; i?2 +HQ+F +QM/BiBQM �M/ BMBiB�i2/ BM
i?2 bi�i2 Ψ0 ?�b �i H2�bi �M �++m`�+v

R(c)
d :=

τ (c)

2Σ(c)
d

U3V

7Q` H�`;2 2MQm;? dX h?2 +HQ+F +QM/BiBQM Bb b�iBb}2/ #v i?2
Zm�bB@B/2�H +HQ+F (9- Rk) Ub22 G2KK� k BM i?2 �TT2M/Bt
7Q` /2i�BHbVX

LQr r2 �`2 `2�/v iQ BMi`Q/m+2 Qm` }`bi T`QiQ+QH- r?B+?
2M?�M+2b i?2 �++m`�+v Q7 BMTmi bB;M�Hb rBi?Qmi mbBM;
722/#�+F QM i?2 BMTmi bB;M�HX h?2 T`QiQ+QH `2[mB`2b �M
BMi2`M�H [m�MimK +HQ+F b�iBb7vBM; i?2 +HQ+F +QM/BiBQM BM
.2}MBiBQM k- r?Qb2 bi�imb �i +2`i�BM iBK2 Bb bT2+B}2/
#v i?2 imTH2 (Ψt∗ ,M)- r?2`2 Ψt∗ /2MQi2b i?2 bi�i2 Q7
i?2 +HQ+F rBi? � ?�M/ T�`�K2i2` t∗ ∈ (−τ (c)/2, τ (c)/2]
�M/ M ∈ {Mon,Moff} Bb i?2 /vM�KB+b Q7 i?2 brBi+?@
+QMi`QHH2/ +HQ+FX h?2 bT2+B}+ bi2Tb Q7 i?2 �++m`�+v 2M@
?�M+BM; T`QiQ+QH �`2 �b 7QHHQrb,

S`QiQ+QH R �++m`�+v 2M?�M+BM; T`QiQ+QH rBi?Qmi 722/@
#�+FX
R, UAMBiB�HBx�iBQMV q?2M `2+2BpBM; i?2 }`bi BMTmi iB+F- `2b2i

i?2 [m�MimK +HQ+F iQ (Ψ0,Mon)c
k, r?2M i?2 [m�MimK +HQ+F iB+Fb- T`Q/m+2 �M QmiTmi iB+F �M/

b2i i?2 [m�MimK +HQ+F iQ (Ψ0,Moff)c
j, r?2M `2+2BpBM; �M BMTmi iB+F- b2i i?2 [m�MimK +HQ+FǶb /v@

M�KB+ iQ Mon- BX2X im`M QM Bib /2i2+iQ`X

"27Q`2 bi�iBM; Qm` K�BM `2bmHi- r2 ;Bp2 �M BHHmbi`�iBp2
2tTH�M�iBQM Q7 r?v i?Bb T`QiQ+QH �+?B2p2b �M �++m`�+v
2M?�M+2K2MiX h?2 +2Mi`�H B/2� Bb i?�i- 7Q` � i�BH T`Q#�@
#BHBiv ϵ0- r2 rQmH/ HBF2 i?2 QmiTmi iB+Fb iQ ?�p2 � +QM}@
/2M+2 BMi2`p�H

(
µ(out)
ϵ0 − Σ(out)

ϵ0 /2, µ(out)
ϵ0 − Σ(out)

ϵ0 /2
)

bm+?

U�V

U#V

6A:X kX hB+F T�ii2`Mb Q7 i?2 BMTmi bB;M�H �M/ i?2 +HQ+F
BM i?2 �++m`�+v 2M?�M+BM; T`QiQ+QHX AM 6B;X kU�V- Bi Bb
BHHmbi`�i2/ ?Qr QmiTmi iB+Fb �`2 ;2M2`�i2/X AMi2`p�Hb r?2`2
iB+Fb �`2 ;2M2`�i2/ rBi? ?B;? T`Q#�#BHBiv �`2 /2TB+i2/ �b TBF2b-
�M/ ;`22M- /Qii2/ TBF2b /2MQi2 +HQ+F iB+Fb i?�i �`2 bmTT`2bb2/
r?2M i?2 +HQ+F 2pQHp2b mMBi�`BHvX SBF2b BM i?2 mTT2` ?�H7 Q7
i?2 };m`2 +Q``2bTQM/ iQ iB+Fb Q7 i?2 BMTmi bB;M�H- r?B+? +�mb2
i?2 TQi2MiB�H Q7 i?2 +HQ+F iQ #2 im`M2/ QM- r?2`2�b i?2 QmiTmi
iB+Fb �`2 ?B;?HB;?i2/ BM `2/X AM 6B;X kU#V- Σ(in)

ϵ Bb rB/2` i?�M
i?2 T2`BQ/ Q7 i?2 +HQ+FX AM i?Bb +�b2- i?2 BMTmi iB+F K�v �``Bp2
iQQ 2�`Hv- +�mbBM; i?2 QmiTmi iB+F iQ #2 T`Q/m+2/ QM2 T2`BQ/
2�`HB2` i?�M Bi b?QmH/ #2 U�b ?B;?HB;?i2/ BM `2/ BM i?2 };m`2VX

i?�i µ(out)
ϵ0 ≈ µ(in)

ϵ - #mi iQ ?�p2 � +QM}/2M+2 BMi2`p�H
rB/i? r?B+? b+�H2b HBF2 i?�i Q7 i?2 [m�MimK +HQ+F- BX2X
Σ(out)

ϵ0 ≈ Σ(c)
d X aBM+2- #v .2}MBiBQM k- Σ(c)

d Bb bK�HH 7Q`
H�`;2 d- QM2 2M?�M+2b i?2 �++m`�+vX

6Q` i?Bb Tm`TQb2- r2 }`bi b2H2+i i?2 T2`BQ/ Q7 i?2 [m�M@
imK +HQ+F iQ #2 Km+? bK�HH2` i?�M i?�i Q7 i?2 BMTmi bB;@
M�H- bQ i?�i �M QmiTmi iB+F Bb �Hr�vb ;2M2`�i2/ b?Q`iHv
�7i2` 2p2`v BMTmi iB+F �M/ i?mb µ(out)

ϵ0 ≈ µ(in)
ϵ X L2ti- #v

i?2 +HQ+F +QM/BiBQM- i?2 [m�MimK +HQ+F �Hr�vb iB+Fb r?2M
i?2 +HQ+F bi�i2 ?Bib i?2 /2i2+iQ`- `2;�`/H2bb Q7 i?2 BMBiB�H
TQbBiBQM Q7 i?2 +HQ+F bi�i2 Ub22 .2}MBiBQM kVX h?�MFb
iQ i?Bb 72�im`2- BMTmi iB+Fb i?�i �``Bp2 rBi?BM i?2 b�K2
T2`BQ/ Q7 i?2 [m�MimK +HQ+F rBHH i`B;;2` QmiTmi iB+Fb �i
�HKQbi i?2 b�K2 iBK2- mT iQ � /2pB�iBQM i?�i /2T2M/b
QMHv QM i?2 [m�MimK +HQ+FX h?2`27Q`2- � ~m+im�iBQM BM
i?2 �``Bp�H Q7 i?2 BMTmi iB+F rBHH MQi �z2+i i?2 QmiTmi
iB+Fb- �M/ Σ(out)

ϵ0 ≈ Σ(c)
d Ub22 6B;X kU�V 7Q` �M BHHmbi`�iBQMVX

Ai 7QHHQrb i?�i i?2 QmiTmi �++m`�+v +�M #2 2tT`2bb2/ �b
R(out)

ϵ0 ≈ µ(in)
ϵ /Σ(c)

d = R(in)
ϵ ·

(
Σ(in)

ϵ /Σ(c)
d

)
X
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>Qr2p2`- i?2 �++m`�+v +�MMQi #2 BM+`2�b2/ �`#Bi`�`@
BHv #v i?Bb K2i?Q/X aBM+2 i?2 BMTmi iB+F Bb `2[mB`2/ iQ
7�HH rBi?BM i?2 b�K2 T2`BQ/ Q7 i?2 Zm�bB@B/2�H +HQ+F- τ (c)
b?QmH/ MQi #2 bK�HH2` i?�M Σ(in)

ϵ X Pi?2`rBb2- � #�/ iB+F
rBi? H�`;2 /2pB�iBQM K�v #2 T`Q/m+2/ Ub22 6B;X kU#VVX
h?2 T`Q#�#BHBiv 7Q` i?2 QmiTmi iB+F iQ #2 BM Bib +QM}/2M+2
BMi2`p�H Bb �i H2�bi i?2 T`Q/m+i Q7 i?2 T`Q#�#BHBiB2b i?�i
i?2 BMTmi iB+F �M/ i?2 +HQ+F iB+F iQ #2 BM i?2B` QrM +QM}@
/2M+2 BMi2`p�Hb- `2bT2+iBp2Hv- r?B+? K2�Mb ϵ0 > ϵX h?2M
QM2 }M/b i?�i i?2 #2bi �++m`�+v Q7 Qm` T`QiQ+QHǶb QmiTmi
bB;M�H Bb �TT`QtBK�i2Hv i?2 T`Q/m+i Q7 i?2 �++m`�+B2b Q7
i?2 BMTmi bB;M�H �M/ +HQ+F bvbi2K,

R(out)
ϵ0 ≈ R(in)

ϵ ·R(c)
d UNV

7Q` ϵ0 > ϵ �M/ 7Q` H�`;2 2MQm;? dX
A7 r2 b2i i?2 [m�MimK +HQ+F iQ #2 i?2 Zm�bB@B/2�H +HQ+F-

r?B+? �+?B2p2b �M �++m`�+v b+�HBM; �b d1−ν 7Q` �Mv ν > 0-
Bi +�M #2 b22M 7`QK i?2 �#Qp2 2[m�iBQM i?�i Qm` T`QiQ+QH
�+?B2p2b �M �++m`�+v 2M?�M+2K2Mi Q7 �HKQbi dX AM bmK@
K�`v- r2 ?�p2 i?2 7QHHQrBM; i?2Q`2K r?Qb2 T`QQ7 +�M #2
7QmM/ BM �TT2M/Bt �,

h?2Q`2K RX *QMbB/2` �M BXBX/X BMTmi bB;@
M�H rBi? � ;Bp2M ϵ@i�BH +QM}/2M+2 BMi2`p�H(
µ(in)
ϵ − Σ(in)

ϵ /2, µ(in)
ϵ + Σ(in)

ϵ /2
)

b�iBb7vBM; Σ(in)
ϵ <

2µ(in)
ϵ /3X 6Q` H�`;2 2MQm;? d- i?2 �++m`�+v Q7 i?2

(j + 1)@i? QmiTmi iB+F Q7 S`QiQ+QH R b�iBb}2b

R(out)
j,ϵj

≥ 6

5j
·R(in)

ϵ ·R(c)
d ϵj = j · ϵ0 URyV

7Q` �Mv ϵ0 > ϵ �M/ j < 2µ(in)
ϵ /(3Σ(in)

ϵ )X >2`2 R(in)
ϵ =(

µ(in)
ϵ /Σ(in)

ϵ

)2
Bb i?2 BMTmi �++m`�+v �M/ R(c)

d Bb i?2 �+@
+m`�+v Q7 i?2 BMi2`M�H [m�MimK +HQ+F ;Bp2M #v 1[X U3VX
q?2M i?2 [m�MimK +HQ+F BM S`QiQ+QH R Bb i�F2M iQ #2 �
Zm�bB@B/2�H +HQ+F- i?2 �++m`�+v +�M #2 7m`i?2` #QmM/2/ �b

R(out)
j,ϵj

≥ 3

5j
·R(in)

ϵ · d1−ν URRV

7Q` �Mv ν > 0X

h?2 K�BM `2bmHi Q7 i?Bb b2+iBQM- bi�i2/ �b h?2Q`2K R- Bb
i?�i S`QiQ+QH R +�M BKT`Qp2 �M BMTmi bB;M�HǶb �++m`�+v �H@
KQbi #v � 7�+iQ` 2[m�H iQ i?2 [m�MimK +HQ+FǶb /BK2MbBQM-
;Bp2M i?�i i?2 BMTmi bB;M�H Bb BXBX/XX PM i?2 Qi?2` ?�M/-
i?2 `B;?i ?�M/ bB/2 i2`Kb Q7 1[bX URyV �M/ URRV /`QT �b j
;`Qrb- BKTHvBM; i?�i i?2 QmiTmi bB;M�H #2+QK2b H2bb �+@
+m`�i2 �7i2` i?2 T`QiQ+QH `mMb 7Q` � HQM; iBK2X h?2 i�BH
T`Q#�#BHBiv ;`Qrb HBM2�`Hv BM j- r?B+? Bb +QKT�iB#H2 iQ i?2
b+�HBM; Q7 i?2 BMTmi iB+FǶb i�BH T`Q#�#BHBiv #27Q`2 i?2 �+@
+m`�+v 2M?�M+2K2Mi �b ;Bp2M #v 1[X UjVX LQi2 i?�i i?2
T2`BQ/ Q7 i?2 [m�MimK +HQ+F BM i?2 T`QiQ+QH /2T2M/b QM
i?2 +QM}/2M+2 BMi2`p�H Q7 i?2 BMTmi bB;M�H Ub22 �TT2M/Bt
� 7Q` /2i�BHbVX

AoX �*>A1oAL: GPL: h1_J ah�"AGAhu
qAh> 611."�*E

� T`Q#H2K Q7 i?2 T`2pBQmb T`QiQ+QH Bb i?�i i?2 �++m`�+v
Q7 iB+Fb /`QTb /QrM �7i2` i?2 T`QiQ+QH `mMb 7Q` � +2`i�BM
iBK2X Ai im`Mb Qmi i?�i i?Bb T`Q#H2K +�M #2 `2K2/B2/
r?2M 722/#�+F QM i?2 BMTmi +HQ+F i?�i T`Q/m+2b i?2 BMTmi
iB+Fb Bb �HHQr2/X h?2 `QH2 Q7 i?2 722/#�+F Bb iQ `2b2i i?2
BMTmi +HQ+F iQ Bib BMBiB�H +QM};m`�iBQM BM 2�+? `QmM/ Q7
T`Q/m+BM; � iB+FX

6Q` �Mv BMTmi bB;M�H ;2M2`�i2/ #v �M BMTmi +HQ+F- i?2
7QHHQrBM; T`QiQ+QH mb2b � [m�MimK +HQ+F i?�i b�iBb}2b i?2
+HQ+F +QM/BiBQM BM .2}MBiBQM k �M/ 722/#�+F QM i?2 BMTmi
+HQ+F iQ T`Q/m+2 QmiTmi iB+Fb,

S`QiQ+QH k �++m`�+v 2M?�M+BM; T`QiQ+QH rBi? 722/#�+FX
R, UAMBiB�HBx�iBQMV q?2M `2+2BpBM; i?2 }`bi BMTmi iB+F- `2b2i

i?2 [m�MimK +HQ+F iQ (Ψ0,Mon)c
k, r?2M i?2 BMTmi +HQ+F iB+Fb- b2i i?2 [m�MimK +HQ+FǶb /v@

M�KB+ iQ Mon- BX2X im`M QM Bib /2i2+iQ`c
j, r?2M i?2 [m�MimK +HQ+F iB+Fb- T`Q/m+2 �M QmiTmi iB+F-

b2i i?2 [m�MimK +HQ+F iQ (Ψ0,Moff)- �M/ `2b2i i?2 BMTmi
+HQ+FX

h?2 rQ`FBM; T`BM+BTH2 Q7 i?Bb T`QiQ+QH Bb bBKBH�` iQ i?�i
Q7 i?2 722/#�+F@7`22 T`QiQ+QH- �M/ i?mb Bib T2`7Q`K�M+2 Bb
+HQb2 iQ i?�i Q7 i?2 722/#�+F@7`22 T`QiQ+QH BM i?2 b?Q`i
i2`KX h?2 HQM;@i2`K bi�#BHBiv Q7 i?2 722/#�+F T`QiQ+QH
7QHHQrb 7`QK i?2 7�+i i?�i Bi BMpQF2b � `2b2i K2+?�MBbK,
q?2M �M QmiTmi iB+F Bb T`Q/m+2/- i?2 BMTmi +HQ+F Bb `2@
b2i iQ Bib BMBiB�H +QM};m`�iBQM �++Q`/BM; iQ i?2 H�bi bi2T
Q7 i?2 T`QiQ+QHX �i i?2 b�K2 iBK2- i?2 [m�MimK +HQ+F
�HbQ iB+Fb �M/ i?mb `2b2ib- �b K2MiBQM2/ BM a2+iBQM AoX
h?2`27Q`2- i?2 QmiTmi iB+Fb �`2 BXBX/X- �M/ i?2 �++m`�+v
Q7 i?2 (j + 1)@i? QmiTmi iB+F BM+`2�b2b HBM2�`Hv BM √

j- �b
/2b+`B#2/ #v 1[X UjVX hQ bmKK�`Bx2- i?2 T2`7Q`K�M+2
Q7 i?2 722/#�+F T`QiQ+QH Bb �b ;QQ/ �b i?2 722/#�+F@7`22
T`QiQ+QH �M/ #2+QK2b ?B;?2` �b KQ`2 QmiTmi iB+Fb �`2
i`B;;2`2/- �+?B2pBM; HQM;@i2`K bi�#BHBivX JQ`2 T`2+Bb2Hv-
r2 ?�p2,
h?2Q`2K kX *QMbB/2` � `2b2i BMTmi +HQ+F rBi? � ;Bp2M ϵ@
i�BH +QM}/2M+2 BMi2`p�H

(
µ(in)
ϵ − Σ(in)

ϵ /2, µ(in)
ϵ + Σ(in)

ϵ /2
)

b�iBb7vBM; Σ(in)
ϵ < µ(in)

ϵ X 6Q` H�`;2 2MQm;? d- i?2 QmiTmi
iB+Fb Q7 S`QiQ+QH k �`2 BXBX/X rBi? �++m`�+v

R(out)
ϵ0 >

(
R(in)

ϵ + 1
)
·R(c)

d URkV

7Q` �Mv ϵ0 > ϵX >2`2 R(in)
ϵ = µ(in)

ϵ /Σ(in)
ϵ Bb i?2 BMTmi

�++m`�+v �M/ R(c)
d Bb i?2 [m�MimK +HQ+F �++m`�+v ;Bp2M

#v 1[X U3VX q?2M i?2 [m�MimK +HQ+F Bb i�F2M iQ #2 �
Zm�bB@B/2�H +HQ+F- i?2 �++m`�+v +�M #2 7m`i?2` #QmM/2/ �b

R(out)
ϵ0 >

1

2

(
R(in)

ϵ + 1
)
· d1−ν URjV

7Q` �Mv ν > 0X
h?2 T`QQ7 Q7 i?2 �#Qp2 i?2Q`2K +�M #2 7QmM/ BM �T@

T2M/Bt "X
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oX AL*P>1_1Lh S_PhP*PGa

AM pB2r Q7 i?2 `2bmHib �#Qp2- Bi Bb M�im`�H iQ �bF r?2i?2`
� bBKBH�` BKT`Qp2K2Mi +QmH/ #2 �+?B2p2/ #v K2�Mb Q7
+H�bbB+�H BM7Q`K�iBQM T`Q+2bbBM;- M�K2Hv BM+Q?2`2Mi T`Q@
iQ+QHb i?�i T`Q+2bb i?2 BMTmi iB+Fb �M/fQ` i?2 BMi2`M�H
+HQ+FǶb iB+Fb iQ T`Q/m+2 � KQ`2 �++m`�i2 QmiTmi bB;M�HX
q?BH2 r2 /Q MQi ?�p2 � ;2M2`�H #QmM/- r2 T`2b2Mi ?2`2
irQ M�im`�H T`QiQ+QHb �M/ b?Qr i?�i �++m`�+v 2M?�M+2@
K2Mi Bb TQbbB#H2- #mi rBi? � HQr2` 7�+iQ`X 6Q` bBKTHB+@
Biv- r2 QKBi i�BH T`Q#�#BHBiB2b BM i?2 7QHHQrBM; /Bb+mbbBQM-
r?B+? +�M #2 `2;�`/2/ iQ #2 }t2/X

6B`bi- r2 b?Qr � bBKTH2 T`QiQ+QH mbBM; � d@/BK2MbBQM�H
+H�bbB+�H K2KQ`v i?�i BKT`Qp2b i?2 BMTmi bB;M�HǶb �++m@
`�+v #v � 7�+iQ` Q7

√
dX 6Q` �Mv BMTmi bB;M�H- i?Bb T`QiQ@

+QH T`Q/m+2b �M QmiTmi bB;M�H �++Q`/BM; iQ i?2 7QHHQrBM;
`mH2b,

S`QiQ+QH j �M BM+Q?2`2Mi T`QiQ+QH �+?B2pBM; �++m`�+v
2M?�M+2K2Mi #v #mM+?BM; BMTmi +HQ+F iB+FbX
R, UAMBiB�HBx�iBQMV a2i i?2 +H�bbB+�H K2KQ`v iQ i?2 bi�i2 c = 0c
k, r?2M `2+2BpBM; �M BMTmi iB+F,
j, B7 c = d − 1- i?2M T`Q/m+2 �M QmiTmi iB+F �M/ `2b2i i?2

K2KQ`v iQ i?2 BMBiB�H bi�i2 c = 0c
9, 2Hb2 c → c+ 1X
8, 2M/ B7

h?Bb +H�bbB+�H K2KQ`v +�M �HbQ #2 `2;�`/2/ �b � +HQ+F
/`Bp2M #v BMTmi bB;M�HbX h?Bb T`QiQ+QH BKT`Qp2b i?2 �+@
+m`�+v Q7 i?2 BMTmi bB;M�H #v #mM+?BM; i?2 BMTmi iB+FbX
q?2M i?2 BMTmi iB+Fb �`2 BXBX/X- i?2 QmiTmi iB+F ?�b �M
�++m`�+v i?�i Bb T`QTQ`iBQM�H iQ R(in) ·

√
d �++Q`/BM; iQ

1[X UjV- r?B+? �HbQ ?�b � T`Q/m+i 7Q`K HBF2 i?�i Q7 i?2
+Q?2`2Mi T`QiQ+QHX 6m`i?2` MQiB+BM; i?�i i?2 �++m`�+v Q7
� d@/BK2MbBQM�H Zm�bB@B/2�H +HQ+F b+�H2b HBF2 d- r2 +�M
7m`i?2` 2tT`2bb i?2 �++m`�+v Q7 i?Bb BM+Q?2`2Mi T`QiQ+QH
�b R(in) ·

√
R(c) BM �M �TT`QtBK�i2 b2Mb2X

*QKT�`2/ iQ i?2 +Q?2`2Mi T`QiQ+QH- i?2 ;�BM Q7 i?2
BMTmi@#mM+?BM; T`QiQ+QH Bb

√
d BMbi2�/ Q7 dX h?2 i�BH

T`Q#�#BHBiv Q7 i?2 BMTmi@#mM+?BM; T`QiQ+QH �HbQ BM+`2�b2b
rBi? d mMH2bb i?2 BMTmi bB;M�H ?�b � bm#@:�mbbB�M /Bbi`B@
#miBQMX JQ`2Qp2`- i?2 +Q?2`2Mi T`QiQ+QH �+?B2p2b � Tm`2
2M?�M+2K2Mi- BM i?2 b2Mb2 i?�i QMHv i?2 rB/i? Q7 i?2
iB+FǶb +QM}/2M+2 BMi2`p�H Bb `2/m+2/X PM i?2 Qi?2` ?�M/-
i?2 BMTmi@#mM+?BM; T`QiQ+QH BM+`2�b2b #Qi? i?2 iBK2 #2@
ir22M iB+Fb �M/ i?2 rB/i? Q7 i?2 +QM}/2M+2 BMi2`p�H- �M/
i?mb Bib QmiTmi bB;M�H K�v MQi #2 Q7 i?2 /2bB`2/ 7Q`K BM
bQK2 bBim�iBQMbX

AM i?2 7QHHQrBM; r2 T`QTQb2 �MQi?2` BM+Q?2`2Mi T`Q@
iQ+QH- r?B+? Bb +�T�#H2 Q7 T`2b2`pBM; i?2 7`2[m2M+v Q7
i?2 BMTmi bB;M�HX AK�;BM2 i?�i r2 �`2 ;Bp2M �M BMi2`M�H
+HQ+F bvbi2K rBi? +QM}/2M+2 BMi2`p�H (µ(c)−Σ(c)/2, µ(c)+
Σ(c)/2) r?2`2 µ(c) �M/ Σ(c) �`2 Km+? bK�HH2` i?�M i?Qb2
Q7 i?2 BMTmi bB;M�HX h?Bb BM+Q?2`2Mi T`QiQ+QH rQ`Fb #v B;@
MQ`BM; �HH iB+Fb Q7 i?2 BMi2`M�H +HQ+F #mi QmiTmiiBM; QMHv
i?2 QM2 i?�i 7QHHQrb BKK2/B�i2Hv �7i2` 2p2`v BMTmi iB+F-
r?B+? +�M #2 /QM2 rBi? i?2 ?2HT Q7 �M �//BiBQM�H +H�bbB@
+�H #Bi c Uh?Bb `2[mB`2K2Mi /Q2b MQi �z2+i Qm` �M�HvbBb-

bBM+2 r2 +�`2 QMHv �#Qmi i?2 �bvKTiQiB+ b+�HBM; Q7 i?2 �+@
+m`�+B2bVX 1tTHB+BiHv- i?2 T`QiQ+QH rQ`Fb BM i?2 7QHHQrBM;
K�MM2`,

S`QiQ+QH 9 �M BM+Q?2`2Mi T`QiQ+QH �+?B2pBM; �++m`�+v
2M?�M+2K2Mi #v #mM+?BM; BMi2`M�H +HQ+F iB+FbX
R, UAMBiB�HBx�iBQMV a2i i?2 +H�bbB+�H K2KQ`v iQ i?2 bi�i2 c = 0c
k, r?2M `2+2BpBM; �M BMTmi iB+F- b2i i?2 +H�bbB+�H K2KQ`v iQ

i?2 bi�i2 c = 1c
j, r?2M i?2 BMi2`M�H +HQ+F iB+Fb,
9, B7 c = 0- i?2M B;MQ`2 i?2 +HQ+F iB+F U�M/ /Q MQi?BM;Vc
8, 2Hb2 Uc = 1V T`Q/m+2 �M QmiTmi iB+F �M/ `2b2i i?2 K2KQ`v

iQ i?2 bi�i2 c = 0X
e, 2M/ B7

h?2 �++m`�+v Q7 i?Bb BM+Q?2`2Mi T`QiQ+QH +�M #2 2p�Hm@
�i2/ �b 7QHHQrbX A7 i?2 BMTmi iB+FǶb +QM}/2M+2 BMi2`p�H Bb
M�``Qr2` i?�M i?2 +HQ+FǶb T2`BQ/- i?2 MmK#2` Q7 B;MQ`2/
iB+Fb +�M #2 K�/2 � +QMbi�MiX h?2M i?2 QmiTmiǶb �++m@
`�+v 2[m�Hb i?2 �++m`�+v Q7 j BXBX/X +HQ+F iB+Fb #mM+?2/
iQ;2i?2`- r?2`2 j ∝ µ(in)/µ(c) Bb i?2 MmK#2` Q7 B;MQ`2/
iB+FbX LQiB+2 7m`i?2` i?�i i?2 QmiTmi K2�M Bb +HQb2 iQ i?2

10 20 30 40 50 60 70 80 90 100

0

10

20

Clock Dimension

R(out)
✏0

Coherent Protocol (1)

Input Bunching Protocol (3)

Clock Bunching Protocol (4)

Figure 1: Numerical results for the improvement in accuracy of the coherent and incoherent accuracy
enhancement protocol in the first tick. An i.i.d. box-shaped input tick of R(in) = 300 is improved
depending on the clock dimension d. The Logarithmic scale in R clearly shows a scaling of (2�2⌫) log d
for both the Coherent and Incoherent protocol.

1

6A:X jX LmK2`B+�H `2bmHib 7Q` +QKT�`BM; i?2 +Q?2`2Mi
T`QiQ+QH US`QiQ+QH RV- i?2 BMTmi@#mM+?BM; T`QiQ+QH
US`QiQ+QH jV- �M/ i?2 +HQ+F@#mM+?BM; T`QiQ+QH US`Q@
iQ+QH 9VX h?2 T2`7Q`K�M+2b Q7 /Bz2`2Mi �++m`�+v 2M?�M+BM;
T`QiQ+QHb QM �M BXBX/X #Qt@b?�T2/ BMTmi +HQ+F Q7 R(in)

ϵ ≈ 3
rBi? ϵ = 0.01 �`2 +QKT�`2/X h?2 +Q?2`2Mi T`QiQ+QH U`2/V �M/
i?2 BMTmi@#mM+?BM; T`QiQ+QH U;`22MV mb2 � Zm�bB@B/2�H +HQ+F
Q7 /BK2MbBQM d r?BHbi i?2 BMTmi@#mM+?BM; T`QiQ+QH U#Hm2V mb2b
� d@/BK2MbBQM�H +H�bbB+�H K2KQ`vX h?2 �HHQr2/ 2``Q` QM i?2
QmiTmi Bb +?Qb2M iQ #2 i?2 b�K2 �b i?2 QM2 QM i?2 BMTmi UBX 2X
ϵ0 = 0.01VX h?2 #H�+F- /Qii2/ HBM2 +Q``2bTQM/b iQ i?2 �bvKT@
iQiB+ HQr2` #QmM/ QM i?2 QmiTmi �++m`�+v BM 1[X URyV- THQii2/
7Q` � }t2/ +HQ+F 2``Q` ϵ(c) = 0.001X h?2 MmK2`B+�H bBKmH�@
iBQM +H2�`Hv b?Qrb �M �TT`QtBK�i2Hv HBM2�` b+�HBM; 7Q` #Qi?
i?2 +Q?2`2Mi T`QiQ+QH �M/ i?2 +HQ+F@#mM+?BM; T`QiQ+QH �M/√
d b+�HBM; 7Q` i?2 BMTmi@#mM+?BM; T`QiQ+QHX PM2 +�M �HbQ b22

i?�i i?2 HQr2` #QmM/ BM 1[X URyV Bb [mBi2 iB;?i 2p2M 7Q` HQr
/BK2MbBQMbX



e

S`QiQ+QHb �++m`�+v b+�HBM;
*Q?2`2Mi US`QiQ+QHb R �M/ kV R(in) ·R(c)

"mM+?BM; BMTmi +HQ+F iB+Fb US`QiQ+QH jV R(in) ·
√
R(c)

"mM+?BM; BMi2`M�H +HQ+F iB+Fb US`QiQ+QH 9V
√
R(in) ·R(c)

h�"G1 AX *QKT�`BbQM #2ir22M i?2 �bvKTiQiB+ T2`7Q`K�M+2b
Q7 +Q?2`2Mi �M/ BM+Q?2`2Mi T`QiQ+QHbX

BMTmi K2�MX "v 1[X UjV- i?2 QmiTmi iB+F ?�b �++m`�+v

R(out) ≈

√
µ(in)

µ(c)
·R(c)

=
√
R(in) ·R(c) ·

√
Σ(in)

µ(c)

≤
√
R(in) ·R(c). UR9V

6`QK i?Bb �M�HvbBb- r2 +�M b22 i?�i i?2 BM+Q?2`2Mi T`Q@
iQ+QH Bb �HbQ QmiT2`7Q`K2/ #v i?2 +Q?2`2Mi T`QiQ+QH- bBM+2
Bi T`Q/m+2b `2/mM/�Mi BMi2`M�H +HQ+F iB+Fb- �M/ #v #mM+?@
BM; iQ;2i?2` i?2b2 iB+Fb QM2 �//b � 7�+iQ` T`QTQ`iBQM�H iQ√

µ(in)/µ(c) iQ i?2 rB/i? Q7 i?2 +QM}/2M+2 BMi2`p�HX AM
bmKK�`v- #Qi? BM+Q?2`2Mi T`QiQ+QHb HQb2 bQK2 �++m`�+v
+QKT�`2/ iQ i?2 +Q?2`2Mi T`QiQ+QH- r?B+? Bb K�/2 �T@
T�`2Mi BM h�#H2 AX � MmK2`B+�H bBKmH�iBQM- /2TB+i2/ BM
6B;X j- b?Qrb i?�i i?2 T`QiQ+QHb Q7 #mM+?BM; +HQ+F iB+Fb-
#mM+?BM; BMTmi iB+Fb �M/ i?2 +Q?2`2Mi T`QiQ+QH UBMi`Q@
/m+2/ BM a2+iBQM AAAV �`2 �HH +�T�#H2 Q7 �+?B2pBM; �M 2M@
?�M+2K2Mi- r?BH2 i?2 T2`7Q`K�M+2 Q7 i?2 +Q?2`2Mi T`Q@
iQ+QH Bb +H2�`Hv �#Qp2 i?�i Q7 i?2 Qi?2` irQ T`QiQ+QHbX
6BM�HHv- r2 `2K�`F i?�i i?2 b�K2 B/2� rQ`Fb �HbQ BM i?2
b2iiBM; r?2`2 722/#�+F Bb �p�BH�#H2X

oAX .Aa*laaAPL �L. *PL*GlaAPL

AM i?Bb rQ`F- r2 T`QTQb2/ T`QiQ+QHb i?�i 2M?�M+2 i?2
�++m`�+v Q7 � +HQ+F bB;M�H #v � 7�+iQ` Q7 Q`/2` d- mb@
BM; � [m�MimK bvbi2K Q7 /BK2MbBQM dX h?2`2 �`2 irQ
F2v T`QT2`iB2b Q7 i?2 +HQ+F i?�i H2�/ iQ i?Bb �++m`�+v 2M@
?�M+2K2MiX PM2 Bb i?�i- 7Q` i?2 Zm�bB@B/2�H +HQ+F- Bib 2`@
`Q` Bb �HKQbi BM/2T2M/2Mi Q7 Bib BMBiB�H TQbBiBQM- BX2X r?2M
i?2 /2i2+iQ` Bb brBi+?2/ QMX h?2 Qi?2` Bb i?�i- 7Q` KQbi
Q7 i?2 iBK2 BM i?2 T`QiQ+QH- i?2 +HQ+F 2pQHp2b rBi?Qmi

�Mv /BbbBT�iBQMX h?2b2 irQ T`QT2`iB2b Q`B;BM�i2 7`QK i?2
[m�MimKM2bb Q7 i?2 +HQ+F bvbi2KX AM i?Bb b2Mb2- Qm` rQ`F
DmbiB}2b i?2 TQr2` Q7 [m�MimKM2bb BM 2M?�M+BM; i?2 �+@
+m`�+v Q7 +HQ+FbX h?Bb TQBMi Bb 7m`i?2` bi`2M;i?2M2/ pB�
i?2 +QKT�`BbQM rBi? irQ BM+Q?2`2Mi T`QiQ+QHb U+7X h�#H2
AVX

Pm` T`QiQ+QHb +�M #2 mb2/ �b � bm#`QmiBM2 Q7 � ?B;?Hv
�++m`�i2 +HQ+F +QMbBbiBM; Q7 � K�+`Qb+QTB+ Qb+BHH�iQ` T`Q@
/m+BM; +HQ+F bB;M�Hb �M/ � [m�MimK bvbi2K i?�i 7m`i?2`
BKT`Qp2b i?2B` �++m`�+vX Pm` T`QiQ+QHb K�v �HbQ #2 2K@
THQv2/ BM � M2irQ`F b2iiBM; iQ 2bi�#HBb? � +QKKQM +HQ+F
bB;M�H 7Q` KmHiBTH2- �M/ TQbbB#H2 /Bbi�Mi- MQ/2b- r?B+? Bb
+`m+B�H 7Q` p�`BQmb �TTHB+�iBQMb (R9ĜRd)X �Hi?Qm;? 2�+?
MQ/2 K�v #2 2[mBTT2/ rBi? � +HQ+F- i?2b2 +HQ+Fb bmz2`
7`QK `�M/QK /`B7ib �b i?2v T`Q/m+2 KQ`2 �M/ KQ`2 iB+Fb
rBi?Qmi bvM+?`QMBx�iBQMX Pm` �++m`�+v 2M?�M+BM; T`Q@
iQ+QHb- 2bT2+B�HHv i?2 QM2 rBi?Qmi 722/#�+F- }i i?Bb i�bF
r2HHX hQ 2bi�#HBb? bvM+?`QMBx2/ +HQ+F bB;M�Hb- i?2 MQ/2b
+�M HQ+�HHv T`2T�`2 [m�MimK +HQ+Fb- rBi? i?2 /2i2+iQ`b Q7
i?2 +HQ+Fb +QMi`QHH2/ #v � bB;M�H i?�i Bb #`Q�/+�bi i?`Qm;?
i?2 M2irQ`FX h?2M- mbBM; Qm` T`QiQ+QH- 2p2M B7 i?2 MQ/2b
`2+2Bp2 i?2 #`Q�/+�bi bB;M�H �i /Bz2`2Mi iBK2- i?2B` HQ+�H
iB+Fb +�M biBHH #2 i`B;;2`2/ �i �HKQbi i?2 b�K2 iBK2X AM i?2
K2�M iBK2- bBM+2 i?2 HQ+�H +HQ+Fb iB+F H2bb 7`2[m2MiHv- i?2
bT22/ i?�i i?2v /`B7i �r�v 7`QK 2�+? Qi?2` +�M #2 +QM@
i`QHH2/X AM i?Bb r�v- Qm` T`QiQ+QH +�M #2 mb2/ iQ K�BMi�BM
bvM+?`QMBx�iBQM rBi?BM i?2 M2irQ`F 2{+B2MiHvX

h?2 i�bF +QMbB/2`2/ BM i?Bb rQ`F +�M #2 `2;�`/2/ �b
� bB;M�H T`Q+2bbBM; i�bF (R3)- r?2`2 �M BMTmi bB;M�H Bb
T`Q+2bb2/ #v � bT2+B�H@Tm`TQb2 bvbi2KX h?2 /Bz2`2M+2
#2ir22M i?2 T�`iB+mH�` i�bF Q7 +HQ+F bB;M�H T`Q+2bbBM; �b
+QMbB/2`2/ ?2`2 �M/ ;2M2`�H bB;M�H T`Q+2bbBM; Bb i?�i- BM
i?2 7Q`K2`- MQ iBK2 `272`2M+2 Qi?2` i?�M i?2 BMTmi bB;M�H
Bb �p�BH�#H2X *QKKQM QT2`�iBQMb BM bB;M�H T`Q+2bbBM;-
HBF2 iBK2 b?B7i- �`2 i?2`27Q`2 T`Q?B#Bi2/- r?B+? K�F2b i?2
i�bF ?�`/2`X Pm` rQ`F Bb i?2 }`bi �M/ � +QM+`2i2 bi2T
iQr�`/b � i?2Q`v Q7 iBK2 bB;M�H T`Q+2bbBM; #v ?�`M2bbBM;
[m�MimK K2+?�MB+bX

�*ELPqG1.:J1Lha

h?Bb rQ`F Bb bmTTQ`i2/ #v i?2 arBbb L�iBQM�H a+B@
2M+2 6QmM/�iBQM pB� i?2 L�iBQM�H *2Mi2` 7Q` *QKT2@
i2M+2 BM _2b2�`+? ǳZaAhǴ �b r2HH �b pB� T`QD2+i LQX
kyyykynRe839jX q2 i?�MF JBb+?� qQQ/b 7Q` i2+?MB+�H
/Bb+mbbBQMb `2;�`/BM; i?2 Zm�bB@A/2�H +HQ+FX

(R) "X "HQQK- hX LB+?QHbQM- CX qBHHB�Kb- aX *�KT#2HH-
JX "Bb?Q7- sX w?�M;- qX w?�M;- aX "`QKH2v- �M/ CX u2-
L�im`2 8ye- dR UkyR9VX

(k) �X .X Gm/HQr- JX JX "Qv/- CX u2- 1X S2BF- �M/ SX PX
a+?KB/i- _2pB2rb Q7 JQ/2`M S?vbB+b 3d- ejd UkyR8VX

(j) �X .X Gm/HQr- qX 6X J+:`2r- sX w?�M;- .X LB+QHQ/B-
_X CX 6�b�MQ- aX �X a+?�z2`- _X *X "`QrM- _X qX

6Qt- LX >BMFH2v- hX >X uQQM- �M/ EX "2HQv- BM kyR3
*QM72`2M+2 QM S`2+BbBQM 1H2+i`QK�;M2iB+ J2�bm`2K2Mib
U*S1J kyR3V UkyR3V TTX RĜkX

(9) JX SX qQQ/b- _X aBHp�- :X SɃix- aX aimT�`- �M/ _X _2M@
M2`- �`sBp T`2T`BMi �`sBp,R3yeXyy9NR UkyR3VX

(8) �X .2`2pB�MFQ �M/ >X E�iQ`B- _2pB2rb Q7 JQ/2`M S?vbB+b
3j- jjR UkyRRVX



d

(e) oX "mʈ2F- _X .2`F�- �M/ aX J�bb�`- S?vbB+�H _2pB2r
G2ii2`b 3k- kkyd URNNNVX

(d) _X CQxb�- .X aX �#`�Kb- CX SX .QrHBM;- �M/ *X SX
qBHHB�Kb- S?vbB+�H _2pB2r G2ii2`b 38- kyRy UkyyyVX

(3) SX EQK�`- 1X JX E2bbH2`- JX "Bb?Q7- GX CB�M;- �X aX
aǠ`2Mb2M- CX u2- �M/ JX .X GmFBM- L�im`2 S?vbB+b Ry-
83k UkyR9VX

(N) SX 1`F2`- JX hX JBi+?BbQM- _X aBHp�- JX SX qQQ/b-
LX "`mMM2`- �M/ JX >m#2`- S?vbB+�H _2pB2r s d- yjRykk
UkyRdVX

(Ry) SX 1`F2`- h?2 Zm�MimK >Qm`;H�bb, �TT`Q�+?BM; iBK2
K2�bm`2K2Mi rBi? [m�MimK BM7Q`K�iBQM i?2Q`v- J�b@
i2`Ƕb i?2bBb- 1B/;2MƺbbBb+?2 h2+?MBb+?2 >Q+?b+?mH2 wɃ`B+?
UkyR9VX

(RR) aX _�MFQpBÉ- uX@*X GB�M;- �M/ _X _2MM2`- �`sBp T`2T`BMi
�`sBp,R8yeXyRjdj UkyR8VX

(Rk) JX SX qQQ/b- _X aBHp�- �M/ CX PTT2M?2BK- �MM�H2b >2M`B
SQBM+�`û UkyR3V- RyXRyydfbyyykj@yR3@ydje@NX

(Rj) AX2X i?Qb2 rBi? �M�HviB+�H HQr2` #QmM/b QM i?2 �++m`�+vX
(R9) GX G�KTQ`i- *QKKmMB+�iBQMb Q7 i?2 �*J kR- 883

URNd3VX
(R8) .X GX JBHHb- A111 h`�Mb�+iBQMb QM +QKKmMB+�iBQMb jN-

R93k URNNRVX
(Re) CX 1HbQM �M/ .X 1bi`BM- hBK2 bvM+?`QMBx�iBQM 7Q` rB`2H2bb

b2MbQ` M2irQ`Fb UA111- kyyRVX
(Rd) CX 1HbQM- GX :B`Q/- �M/ .X 1bi`BM- �*J aA:PSa PT2`@

�iBM; avbi2Kb _2pB2r je- R9d UkyykVX
(R3) �X oX PTT2M?2BK- �X aX qBHHbFv- �M/ aX >X L�r�#-

aB;M�Hb ��KTc avbi2Kb UkL/ 1/XV US`2MiB+2@>�HH- AM+X-
lTT2` a�//H2 _Bp2`- LC- la�- RNNeVX

�TT2M/Bt �, S`QQ7 Q7 h?2Q`2K RX

RX � [m�MimK +HQ+F rBi? � brBi+?

�M �miQMQKQmb +HQ+F (9- NĜRk) Bb B/2MiB}2/ #v � imTH2
(
ρ(c), {M(c→ct)

δ }δ
)

- r?2`2 ρ(c) Bb i?2 +HQ+F bi�i2 �M/
{M(c→ct)

δ : Lin(Hc) → Lin(Hc ⊗ Ht)}δ Bb � 7�KBHv Q7 +QKTH2i2Hv TQbBiBp2 i`�+2@T`2b2`pBM; K�Tb /2i2`KBMBM; i?2
/vM�KB+b Q7 i?2 +HQ+F �M/ i?2 T`Q/m+iBQM Q7 iB+FbX >2`2 Hc Bb i?2 >BH#2`i bT�+2 Q7 i?2 +HQ+F bi�i2 �M/ Ht Bb i?2 iB+F
bT�+2X �b Bib M�K2 bm;;2bib- �M �miQMQKQmb +HQ+F T`Q/m+2b iB+Fb rBi?Qmi �Mv �//BiBQM�H BMTmi bB;M�H �b `272`2M+2X
�M 2t�KTH2 Q7 �miQMQKQmb +HQ+Fb i?�i rBHH #2 mb27mH BM Qm` rQ`F Bb i?2 Zm�bB@B/2�H +HQ+F- �M/ KQ`2 /2i�BHb Q7 i?2
�miQMQKQmb +HQ+F KQ/2H +�M #2 7QmM/ BM (9)X

hQ K�F2 mb2 Q7 i?2 BMTmi bB;M�H- �p�BH�#H2 BM Qm` b2iiBM;- r2 M22/ iQ 2ti2M/ i?2 KQ/2H Q7 �miQMQKQmb +HQ+FbX 6Q`
i?Bb Tm`TQb2- r2 BMi`Q/m+2 i?2 bi`m+im`2 Q7 � [m�MimK +HQ+F rBi? � brBi+?- r?B+? b2`p2b �b � F2v BM;`2/B2Mi Q7 Qm`
T`QiQ+QHX 6Q` i?Bb FBM/ Q7 +HQ+Fb- i?2 bi�i2 bT�+2 Q7 i?2 +HQ+F +�M #2 7�+iQ`Bx2/ �b Hc = Hb ⊗HX h?2 +Q``2bTQM/BM;
+HQ+F bi�i2 Bb Q7 i?2 7Q`K b⊗ ρ- r?2`2 ρ Bb i?2 +HQ+F bi�i2 Q7 �M �miQMQKQmb +HQ+F �M/ b ∈ {|0⟩⟨0|, |1⟩⟨1|} Bb � +QMi`QH
#BiX h?2 /vM�KB+b K�T M(c→ct)

δ Bb Q7 i?2 +QMi`QH 7Q`K

M(c→ct)
δ = |0⟩⟨0|⊗ Uδ + |1⟩⟨1|⊗M(auto)

δ U�RV

r?2`2 Uδ Bb BM}MBi2bBK�H 7Q`K Q7 i?2 +HQ+FǶb mMBi�`v /vM�KB+b, Uδ(ρ) = (ρ−iδ[H, ρ])⊗ |0⟩⟨0| 7Q` 2p2`v QT2`�iQ` ρ QM H-
�M/ M(auto)

δ Bb i?2 /vM�KB+b Q7 i?2 �miQMQKQmb +HQ+FX 6`QK i?2 �#Qp2 /2b+`BTiBQM r2 +�M b22 i?�i i?2 iB+F T`Q/m+iBQM
Bb brBi+?2/ Qz �M/ i?2 +HQ+F 2pQHp2b mMBi�`BHv B7 i?2 +QMi`QH #Bi Bb x2`Q r?BH2 i?2 iB+F T`Q/m+iBQM Bb brBi+?2/ QM �M/ i?2
+HQ+F `mMb BM i?2 b�K2 T�ii2`M �b i?2 �miQMQKQmb +HQ+F B7 i?2 +QMi`QH #Bi Bb QM2X q2 /2MQi2 #v τ (c) i?2 T2`BQ/ Q7 i?2
mMBi�`v /vM�KB+b Q7 i?2 �miQMQKQmb +HQ+F �M/ #v ρt∗ i?2 bi�i2 Q7 i?2 Zm�bB@B/2�H +HQ+F rBi? t∗ ∈ (−τ (c)/2, τ (c)/2]X
"v /2}MBiBQM- B7 i?2 bi�i2 bi�`ib BM ρt∗ �M/ 2pQHp2b mMBi�`BHv 7Q` τ (c) Bi rBHH 2M/ mT BM i?2 Q`B;BM�H bi�i2 ρt∗ X AM �M
�miQMQKQmb +HQ+F- i?2 +HQ+F bi�`ib rBi? Bib bi�i2 BM i?2 BMBiB�H bi�i2 Ψ0X h?2 iBK2 Bi i�F2b iQ iB+F Bb � `�M/QK p�`B�#H2-
/2MQi2/ ?2`2 �b T (c)X q?2M i?2 +HQ+F ?�b ?B;? 2MQm;? /BK2MbBQM- T (c) Bb +HQb2 iQ τ (c)/2 rBi? ?B;? T`Q#�#BHBivX �7i2`
T`Q/m+BM; � iB+F- i?2 +HQ+F rBHH #2 `2b2i iQ Bib Q`B;BM�H bi�i2 Ψ0 (9)X

AM i?2 b2iiBM; Q7 Qm` T`QiQ+QH i?2`2 �`2 BMTmi iB+Fb i?�i Qz2` �//BiBQM�H iBK2 `272`2M+2 iQ i?2 +HQ+FX �M BMTmi iB+F
rBHH i`B;;2` �M QT2`�iBQM QM i?2 +QMi`QH #BiX AM ;2M2`�H- i?Bb QT2`�iBQM +QmH/ #2 �Mv [m�MimK +?�MM2H C(b→b)X AM i?Bb
rQ`F- r2 QMHv +QMbB/2` bBKTH2 HQ;B+ QT2`�iBQMb- r?B+? rBHH brBi+? QMfQz i?2 T`Q/m+iBQM Q7 i?2 �miQMQKQmb +HQ+FǶb
iB+FbX 6Q` BMbi�M+2- BM Qm` T`QiQ+QHb- �M BMTmi iB+F �r�vb i`B;;2`b i?2 /2i2+iQ` iQ #2 QM- r?B+? +Q``2bTQM/b iQ #2
QT2`�iBQM b → 1 7Q` b ∈ {0, 1}X LQiB+2 i?�i i?2 BKTH2K2Mi�iBQM iBK2 Q7 i?2b2 QT2`�iBQMb Bb �bbmK2/ iQ #2 x2`Q Ur?B+?
Bb Qi?2`rBb2 �`#Bi`�`vVX
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kX *QMp2MiBQMb �M/ MQiBQMbX

6Q` � }t2/ ϵ > 0- r2 +QMbB/2` �M BMTmi bB;M�H rBi? BXBX/X BMTmi iB+Fb �M/ � +QM}/2M+2 BMi2`p�H(
µ(in)
ϵ − Σ(in)

ϵ /2, µ(in)
ϵ + Σ(in)

ϵ /2
)

b�iBb7vBM;

Σ(in)
ϵ <

2µ(in)
ϵ

3
. U�kV

q2 /2MQi2 #v R(in)
ϵ := µ(in)

ϵ /Σ(in)
ϵ Bib �++m`�+vX

"27Q`2 ;QBM; BMiQ i?2 T`QQ7- Bi Bb +QMp2MB2Mi iQ /2}M2 � +QmTH2 Q7 p�`B�#H2b i?�i r2 �`2 ;QBM; iQ 2M+QmMi2` 7`2[m2MiHvX
q2 /2MQi2 #v t(out)i i?2 iBK2 r?2M i?2 i@i? iB+F Q7 i?2 QmiTmi bB;M�H Bb T`Q/m+2/- �M/ #v t(in)i i?2 iBK2 Q7 r?2M i?2 }`bi
BMTmi iB+F �``Bp2b �7i2` i?2 (i − 1)@i? QmiTmi iB+FX LQiB+2 i?�i- #v i?Bb /2}MBiBQM- t(in)i − t(in)i−1 Bb MQ HQM;2` BXBX/X bBM+2
i?2`2 K�v #2 KmHiBTH2 BMTmi iB+Fb BM #2ir22MX AM T�`iB+mH�`- r2 /2}M2 t(in)1 �b i?2 iBK2 Q7 �``Bp�H 7Q` i?2 }`bi BMTmi
iB+FX h?2 Tm`TQb2 Q7 i?Bb /2}MBiBQM Bb i?�i i?2`2 K�v #2 KmHiBTH2 BMTmi iB+Fb i?�i �``Bp2 BM #2ir22M irQ +QMb2+miBp2
QmiTmi iB+Fb #mi QMHv i?2 }`bi QM2 Q7 i?2K i`B;;2`b � MQM@i`BpB�H QT2`�iBQM QM i?2 +HQ+FX h?2 iBK2 #2ir22M i@i? BMTmi
iB+F �M/ (i + 1)@i? BMTmi iB+F Bb � `�M/QK p�`B�#H2- /2MQi2/ �b T (in)

i X 6Q` +QMp2MB2M+2 Q7 �M�HvbBb- r2 +?QQb2 τ (c) bQ
i?�i

µ(in)
ϵ = (m+ 1/2) · τ (c) U�jV

rBi? m ∈ N∗X h?2 +?QB+2 Q7 m rBHH �z2+i i?2 T2`7Q`K�M+2 Q7 i?2 T`QiQ+QH �M/ rBHH #2 /Bb+mbb2/ H�i2`X 6Q` `2�/2`bǶ
+QMp2MB2M+2- MQi�iBQMb i?�i �TT2�` 7`2[m2MiHv BM i?2 M2ti bm#b2+iBQM �`2 HBbi2/ BM h�#H2 AAX

LQi�iBQM .2}MBiBQM
t(out)i i?2 iBK2 r?2M i?2 i@i? QmiTmi iB+F Bb T`Q/m+2/
t(in)1 i?2 �``Bp�H iBK2 Q7 i?2 }`bi BMTmi iB+F

t(in)i Ui ≥ 2V i?2 �``Bp�H iBK2 Q7 i?2 }`bi BMTmi iB+F �7i2` i?2 (i− 1)@i? QmiTmi iB+F
t∗i i?2 +HQ+F T�`�K2i2` �i iBK2 t(in)i

T (c)
i t(out)i − t(in)i

T (in) i?2 iBK2 BM #2ir22M irQ +QMb2+miBp2 BMTmi iB+Fb
C(x)
i,ϵ (x = in, out) i?2 +QM}/2M+2 BMi2`p�H Q7 t(x)i

Σ(in)
ϵ rB/i? Q7 i?2 +QM}/2M+2 BMi2`p�H Q7 BMTmi iB+Fb

µ(in)
ϵ +2Mi2` Q7 i?2 BMTmi +QM}/2M+2 BMi2`p�H C(in)

ϵ

τ (c) T2`BQ/ Q7 mMBi�`v 2pQHmiBQM Q7 i?2 +HQ+F Uτ (c) ≈ 2µ(c)V

h�"G1 AAX h�#H2 Q7 MQi�iBQMbX

jX *QM}/2M+2 BMi2`p�Hb Q7 i?2 QmiTmi iB+Fb

6`QK i?Bb bm#b2+iBQM- r2 bi�`i iQ #QmM/ i?2 �++m`�+v Q7 i?2 }`bi j ∈ N∗ iB+Fb- r?B+? `2[mB`2b mb iQ /2i2`KBM2 �
+QM}/2M+2 BMi2`p�H Q7 i?2 `�M/QK p�`B�#H2 t(out)j+1 − t(out)1 X h?2 F2v bi2T Q7 i?2 T`QQ7 Bb iQ b?Qr i?�i �HH i?2 BMTmi iB+Fb
�M/ i?2 +HQ+F iB+Fb- +?�`�+i2`Bx2/ #v i?2 `�M/QK p�`B�#H2b t(in)i �M/ t(out)i Ui ≤ j + 1V- 7�HH rBi?BM M�``Qr +QM}/2M+2
BMi2`p�Hb �`QmM/ i?2B` 2tT2+i�iBQMb rBi? H�`;2 T`Q#�#BHBivX AM i?Bb +�b2- i?2 QmiTmi iB+Fb �`2 ;2M2`�i2/ �b 2tT2+i2/X AM
i?2 +�b2 r?2`2 2Bi?2` �M BMTmi iB+F Q` �M QmiTmi iB+F 7�HHb QmibB/2 Bib `2bT2+iBp2 +QM}/2M+2 BMi2`p�H- i?2 QmiTmi iB+Fb
K�v #2 i`B;;2`2/ iQQ 2�`Hv Q` iQQ H�i2- `2bmHiBM; BM � H�`;2 2``Q`X h?Bb B/2� Bb K�/2 T`2+Bb2 #v i?2 7QHHQrBM; H2KK�,

G2KK� RX �bbmK2 7Q` +QMp2MB2M+2 t(in)1 = 0- r?B+? Bb Qi?2`rBb2 �`#Bi`�`vX 6Q` j ∈ N∗ bm+? i?�i

j <
τ (c) − Σ(c)

d

Σ(c)
d + Σ(in)

ϵ

, U�9V



N

i?2 T`Q#�#BHBiv i?�i t(in)i ∈ C(in)
i �M/ t(out)i ∈ C(out)

i ?QH/b 7Q` 2p2`v i ≤ j + 1 Bb �i H2�bi 1− ϵ(out)j - r?2`2 i?2 +QM}/2M+2
BMi2`p�Hb 7Q` i?2 BMTmi iB+F �M/ i?2 QmiTmi iB+F �`2 /2}M2/ �b

C(in)
i := (i− 1) ·

(
µ(in)
ϵ − Σ(in)

ϵ

2
, µ(in)

ϵ +
Σ(in)

ϵ

2

)
U�8V

�M/

C(out)
i :=

⎧
⎨

⎩

(
τ (c)−Σ(c)

2 , τ (c)+Σ(c)

2

)
i = 1

(i− 1) ·
(
µ(in)
ϵ − Σ(c)

2 , µ(in)
ϵ + Σ(c)

2

)
+ t(out)1 i ≥ 2

. U�eV

>2`2 a · (b, c)+d Bb � b?Q`i?�M/ 7Q` (ab+d, ac+d)X h?2 i�BH T`Q#�#BHBiv Q7 i?2 QmiTmi +QM}/2M+2 BMi2`p�H Bb #QmM/2/ �b

ϵ(out)j ≤ j ·
(
ϵ+ ϵ(c)d

)
U�dV

r?2`2 ϵ Bb i?2 i�BH T`Q#�#BHBiv Q7 i?2 BMTmi iB+Fb �M/ ϵ(c)d Bb i?2 i�BH T`Q#�#BHBiv Q7 i?2 [m�MimK +HQ+F i?�i p�MBb?2b �b
d → ∞X

Ai Bb bi`�B;?i7Q`r�`/ iQ +?2+F i?�i i?2 +QM/BiBQMb U�jV �M/ U�9V ;m�`�Mi22 i?�i �HH i?2 +QM}/2M+2 BMi2`p�Hb ?�p2 MQ
BMi2`b2+iBQM �M/ �`2 i2KTQ`�HHv Q`/2`2/X A7 �HH BMTmi �M/ QmiTmi iB+Fb �`2 BM i?2B` QrM +QM}/2M+2 BMi2`p�Hb- T`QT2`
+�mb�H Q`/2` �KQM; i?2K rBHH #2 2Mbm`2/- BX2X

t(in)1 ≤ t(out)1 ≤ t(in)2 ≤ · · · ≤ t(out)j ≤ t(in)j+1 ≤ t(out)j+1 . U�3V

6`QK 1[X U�eV r2 +�M b22 i?�i i?2 rB/i? Q7 �M QmiTmi iB+FǶb +QM}/2M+2 BMi2`p�H Bb Σ(c)
d - r?B+? Bb � [m�MiBiv /2T2M/2Mi

QM i?2 [m�MimK +HQ+F �M/ BM/2T2M/2Mi Q7 i?2 BMTmi iB+FX h?Bb 72�im`2 Bb F2v iQ i?2 �++m`�+v 2M?�M+2K2Mi- r?B+? Bb
� `2bmHi Q7 i?2 +HQ+F +QM/BiBQMX
S`QQ7 Q7 G2KK� RX �TTHvBM; i?2 +?�BM `mH2- r2 +�M 2tT`2bb i?2 T`Q#�#BHBiv i?�i �HH iB+Fb �`2 BM i?2B` +QM}/2M+2
BMi2`p�Hb �b

Pr

[
j+1⋂

i=1

(
t(in)i ∈ C(in)

i ∩ t(out)i ∈ C(out)
i

)]
=

j+1∏

i=1

(
Pr

[
t(in)i ∈ C(in)

i

∣∣
i−1⋂

l=1

(
t(in)l ∈ C(in)

l ∩ t(out)l ∈ C(out)
l

)]
U�NV

×Pr

[
t(out)i ∈ C(out)

i

∣∣
i−1⋂

l=1

(
t(in)l ∈ C(in)

l ∩ t(out)l ∈ C(out)
l

)
∩ t(in)i ∈ C(in)

i

])
.

6B`bi r2 #QmM/ i?2 T`Q#�#BHBiv 7Q` t(in)i iQ #2 BM Bib +QM}/2M+2 BMi2`p�H ;Bp2M i?�i �HH T`2pBQmb iB+Fb �`2 rBi?BM i?2B`
+QM}/2M+2 BMi2`p�HbX LQiB+2 i?�i t(in)1 = 0 ∈ C(in)

1 i`BpB�HHv ?QH/bX 6Q` i ≥ 2- r2 bi`2bb i?�i i?2 T`Q#�#BHBiv Q7
t(in)i ∈ C(in)

i /Q2b MQi bBKTHv 7QHHQr 7`QK i?2 BXBX/X T`QT2`iv Q7 i?2 BMTmi iB+Fb- #2+�mb2 i?2`2 K�v #2 Qi?2` BMTmi iB+Fb
BM #2ir22M t(out)i−1 �M/ t(in)i−1 ∈ C(in)

i−1X AMbi2�/- +QMbB/2` i?2 iBK2 Q7 �``Bp�H Q7 i?2 M2ti BMTmi iB+F �7i2` t(in)i−1- +QM/BiBQM2/
QM t(out)i−1 ∈ C(out)

i−1 �M/ t(in)i−1 ∈ C(in)
i−1X aBM+2 µ(in) −Σ(in)

ϵ /2 > τ (c) > t(out)i−1 − t(in)i−1 (b22 1[X U�jV �M/ 1[X U�9V)- B7 i?2 iBK2
Bi i�F2b i?Bb iB+F iQ �``Bp2 Bb T (in) ∈ (µ(in) − Σ(in)

ϵ /2, µ(in) + Σ(in)
ϵ /2)- i?2M Bi Bb +H2�` i?�i i?Bb iB+F rBHH #2 i?2 }`bi

BMTmi iB+F �7i2` t(out)i−1 X AM 7Q`KmH�- i?Bb �`;mK2Mi `2�/b

Pr

[
t(in)i ∈ C(in)

i

∣∣
i−1⋂

l=1

(
t(in)l ∈ C(in)

l ∩ t(out)l ∈ C(out)
l

)]
≥ 1− ϵ. U�RyV

LQr r2 #QmM/ i?2 T`Q#�#BHBiv 7Q` t(out)i iQ #2 BM i?2B` +QM}/2M+2 BMi2`p�Hb- +QM/BiBQM2/ QM �HH i?2 T`2pBQmb iB+Fb �`2
BM i?2B` +QM}/2M+2 BMi2`p�HbX .2}M2 t∗i ∈ (−τ (c)/2, τ (c)/2] iQ #2 bQ i?�i i?2 +HQ+F bi�i2 Bb Ψt∗i

�i t(in)i X AMimBiBp2Hv- Bi Bb
i?2 HQ+�iBQM Q7 i?2 +HQ+FǶb ǳ?�M/Ǵ �i iBK2 t(in)i X aBM+2 i?2 +HQ+F Bb BM i?2 BMBiB�H bi�i2 Ψ0 �i iBK2 t(out)i−1 - r2 Q#i�BM i?2
7QHHQrBM; `2H�iBQM

t(in)i − t(out)i−1 = t∗i +mi · τ (c) U�RRV



Ry

r?2`2 mi ∈ N Bb i?2 MmK#2` Q7 T2`BQ/b i?�i i?2 +HQ+F ?�b #22M 2pQHpBM; mMBi�`BHvX LQiB+2 i?�i r?2M t(in)i ∈ C(in)
i �M/

t(out)i−1 ∈ C(out)
i−1 - r2 ?�p2

t∗i +mi · τ (c) ∈
(
m · τ (c) −

(i− 1)(Σ(c)
d + Σ(in)

ϵ )

2
,m · τ (c) +

(i− 1)(Σ(c)
d + Σ(in)

ϵ )

2

)
. U�RkV

aBM+2 (i−1)(Σ(c)
d +Σ(in)

ϵ )
2 <

τ (c)−Σ(c)
d

2 ?QH/b i?�MFb iQ 1[X U�9V- 1[X U�RkV BKTHB2b i?�i

mi = m U�RjV

�M/

t∗i ∈
(
−
τ (c) − Σ(c)

d

2
,
τ (c) − Σ(c)

d

2

)
. U�R9V

L2ti- r2 /2MQi2 #v T (c)
i := t(out)i − t(in)i i?2 iBK2 i?�i i?2 +HQ+F 2pQHp2b MQM@mMBi�`BHv BM #2ir22M irQ QmiTmi iB+Fb-

r?Qb2 p�Hm2 +�M #2 /2i2`KBM2/ #v t∗i �M/ i?2 +HQ+F +QM/BiBQMX "`BM;BM; iQ;2i?2` 1[X U�RRV- 1[X U�RjV �M/ i?2
/2}MBiBQM Q7 T (c)

i - r2 ?�p2

t(out)i = t(out)i−1 +m · τ (c) +
(
T (c)
i + t∗i

)
. U�R8V

LQiB+BM; i?�i i?2 +HQ+F +QM/BiBQM Bb ;m�`�Mi22/ #v 1[X U�R9V- r2 +�M �TTHv i?2 +HQ+F +QM/BiBQM iQ T (c)
i + t∗i - r?B+?

vB2H/b i?�i

Pr

[
t(out)i − t(out)i−1 −m · τ (c) ∈

(
τ (c) − Σ(c)

d

2
,
τ (c) + Σ(c)

d

2

)
∣∣
i−1⋂

l=1

(
t(in)l ∈ C(in)

l ∩ t(out)l ∈ C(out)
l

)
∩ t(in)i ∈ C(in)

i

]
≥ 1− ϵ(c).

U�ReV

aBM+2 t(out)i − t(out)i−1 −m · τ (c) ∈
(

τ (c)−Σ(c)
d

2 ,
τ (c)+Σ(c)

d
2

)
THmb t(out)i−1 ∈ C(out)

i−1 BKTHv i?�i t(out)i ∈ C(out)
i - r2 +QM+Hm/2 i?�i

Pr

[
t(out)i ∈ C(out)

i

∣∣
i−1⋂

l=1

(
t(in)l ∈ C(in)

l ∩ t(out)l ∈ C(out)
l

)
∩ t(in)i ∈ C(in)

i

]
≥ 1− ϵ(c). U�RdV

6BM�HHv- bm#biBimiBM; 1[X U�RyV �M/ 1[X U�RdV BMiQ 1[X U�NV- r2 ?�p2

Pr

[
j+1⋂

i=1

(
t(in)i ∈ C(in)

i ∩ t(out)i ∈ C(out)
i

)]
≥ 1− ϵ(out)j U�R3V

r?2`2 ϵ(out)j ≤ j ·
(
ϵ+ ϵ(c)d

)
�b /2bB`2/X

!

_2K�`F RX 1[X U�9V Tmib � HBKBi QM ?Qr bK�HH r2 +�M b2i τ (c) iQ #2X q?2M i?2 +HQ+F bvbi2K ?�b H�`;2 /BK2MbBQM-
i?2 i2`K Σ(c)

d Bb p2`v bK�HH �M/ 1[X U�9V #2+QK2b

τ (c) > j · Σ(in)
ϵ . U�RNV

h?2`27Q`2- i?2 T`QiQ+QH +�MMQi `mM 7Q`2p2` rBi? bK�HH 2``Q`- bBM+2 i?2 �#Qp2 +QMbi`�BMi Bb �Hr�vb ;QBM; iQ #2 pBQH�i2/
r?2M j Bb H�`;2 2MQm;?X hQ �//`2bb i?Bb Bbbm2- QM2 +�M +?QQb2 iQ `2b2i i?2 QmiTmi bB;M�H 2p2`v QM+2 BM � r?BH2X



RR

9X �++m`�+v Q7 i?2 QmiTmi bB;M�H

AM i?Bb bm#b2+iBQM- r2 2p�Hm�i2 i?2 �++m`�+v Q7 i?2 QmiTmi bB;M�H mbBM; G2KK� RX 6B`bi- r2 2KT?�bBx2 i?�i 1[X
U�9V BM G2KK� R ?QH/b �i H2�bi 7Q` j = 1 r?2M i?2 BMTmi bB;M�H b�iBb}2b i?2 +QM/BiBQM U�kV- �b r2 ?�p2 τ (c) > Σ(in)

ϵ

#v b2iiBM; m = 1 BM 1[X U�jVX LQiB+BM; i?�i Σ(c)
d p�MBb?2b BM i?2 H�`;2 d HBKBi- r2 ?�p2 τ (c) > Σ(in)

ϵ + 2Σ(c)
d 7Q` H�`;2

2MQm;? d- �M/ i?mb 1[X U�9V ?QH/b �i H2�bi 7Q` j = 1X
LQr r2 b?Qr � HQr2` #QmM/ Q7 i?2 QmiTmi �++m`�+vX Ai Bb bi`�B;?i7Q`r�`/ 7`QK 1[X U�eV i?�i i?2`2 2tBbib �

+QM}/2M+2 BMi2`p�H Q7 i?2 (j + 1)@i? QmiTmi iB+F rBi? +2Mi2` �M/ rB/i?

µ(out)
ϵj = j · µ(in)

ϵ Σ(out)
ϵj = j · Σ(c)

d , U�kyV

r?B+? ?�b � i�BH T`Q#�#BHBiv ϵ(out)j ;Bp2M #v 1[X U�dVX h?2`27Q`2- i?2 QmiTmi �++m`�+v +�M #2 2p�Hm�i2/ �b

R(out)
j,ϵj

=
µ(in)
ϵ

Σ(c)
d

=
Σ(in)

ϵ

τ (c)/2
·R(in)

ϵ ·R(c)
d . U�kRV

LQiB+2 i?�i 7Q` H�`;2 2MQm;? d 1[X U�9V #2+QK2b jΣ(in)
ϵ < τ (c)X *?QQb2 m BM 1[X U�jV �b H�`;2 �b TQbbB#H2 bQ i?�i

i?Bb BM2[m�HBiv ǳ#�`2Hv ?QH/bǴ- BM i?2 b2Mb2 i?�i

jΣ(in)
ϵ ∈

[
µ(in)
ϵ

m+ 3/2
,

µ(in)
ϵ

m+ 1/2

)
. U�kkV

h?2M i?2 `�iBQ #2ir22M Σ(in)
ϵ �M/ τ (c)/2 +�M #2 #QmM/2/ �b Σ(in)

ϵ

τ (c)/2
≥ 2(m+1/2)

j(m+3/2) ≥ 6
5j X am#biBimiBM; Bi BMiQ 1[X U�kRV-

r2 ;2i i?2 #QmM/ URyVX
q?2M i?2 [m�MimK +HQ+F Bb � Zm�bB@B/2�H +HQ+F- i?2 +HQ+F �++m`�+v Bb R(c) = (d1−η/2)

(
1−O(d−2η)

)
- r?B+? Bb �M

BKK2/B�i2 +QMb2[m2M+2 Q7 i?2 7QHHQrBM; H2KK� Ub22 �TT2M/Bt * 7Q` Bib T`QQ7V,

G2KK� k UZm�bB@B/2�H +HQ+F rBi? �`#Bi`�`v BMBiB�H TQbBiBQMVX � d@/BK2MbBQM�H Zm�bB@B/2�H +HQ+F b�iBb}2b i?2 +HQ+F
+QM/BiBQMX JQ`2Qp2`- i?2 rB/i? Q7 i?2 +QM}/2M+2 BMi2`p�H Bb

Σ(c) :=
(
γ +

xvr

π

)
τ (c). U�kjV

>2`2 γ = d−1+η + O(d−1) 7Q` �Mv η > 0 (9- 1[bX U6kjV �M/ U6k9V) �M/ xvr = (1/π)d
3η
4 −1 (9- 1[X U6kkV)- i?mb i?2

H2�/BM; Q`/2` i2`K BM 1[X U�kjV Bb γ · τ (c)X h?2 i�BH T`Q#�#BHBiv Bb

ϵ(c) = 2δϵ̃V + e−δ + 3ϵtail + 2ϵtrans
(
τ (c), d

)
. U�k9V

h?2 K�DQ` i2`K BM 1[X U�k9V Bb 2δϵ̃V = o(γ) Ub22 (9- *Q`QHH�`v N �M/ 1[X U6k9yV)V- r?2`2�b δ = η/16 Ub22 (9- 1[X
U6RNV)V- i?2 Qi?2` irQ Qp2`?2�/ i2`Kb ϵtail �M/ ϵtrans �HbQ p�MBb? 2tTQM2MiB�HHv BM d �M/ �`2 ;Bp2M BM a2+iBQM *X

am#biBimiBM; i?2 2tT`2bbBQM Q7 R(c) 7Q` i?2 Zm�bB@B/2�H +HQ+F BMiQ 1[X URyV- r2 ;2i 1[X URRVX

�TT2M/Bt ", S`QQ7 Q7 h?2Q`2K k

>2`2 r2 T`Qp2 h?2Q`2K k QM i?2 �++m`�+v Q7 i?2 QmiTmi bB;M�H 7Q` i?2 T`QiQ+QH rBi? 722/#�+FX h?2 T`QQ7 Bb bBKBH�`
iQ i?2 T`QQ7 Q7 h?2Q`2K R #mi 2bb2MiB�HHv bBKTH2` i?�MFb iQ i?2 `2b2i K2+?�MBbKX 6B`bi- bBM+2 i?2 QmiTmi iB+Fb Q7 i?2
[m�MimK +HQ+F �`2 BXBX/X- r2 QMHv M22/ iQ 2p�Hm�i2 i?2 �++m`�+v 7Q` t := t(out)2 − t(out)1 �M/ i?2 �++m`�+v Q7 i?2 (j+1)@i?
iB+F +�M #2 2biBK�i2/ 7`QK 1[X UjVX

q2 +?QQb2 τ (c) bQ i?�i

µ(in)
ϵ = m · τ (c) U"RV

rBi? m ∈ N∗X h?2 F2v bi2T Q7 i?2 T`QQ7 Bb �;�BM iQ b?Qr i?�i T`Q#�#BHBiv i?�i i?2 b2+QM/ BMTmi iB+F �M/ i?2
b2+QM/ QmiTmi iB+F- +?�`�+i2`Bx2/ #v i?2 `�M/QK p�`B�#H2b t(in)2 �M/ t(out)2 - 7�HHb rBi?BM +2`i�BM BMi2`p�Hb �`QmM/ i?2B`
2tT2+i�iBQMb rBi? H�`;2 T`Q#�#BHBivX



Rk

RX *QM}/2M+2 BMi2`p�Hb Q7 i?2 QmiTmi iB+F

AM i?Bb bm#b2+iBQM- r2 b?Qr i?2 7QHHQrBM; H2KK�,

G2KK� jX �bbmK2 7Q` +QMp2MB2M+2 t(out)1 = 0- r?B+? Bb Qi?2`rBb2 �`#Bi`�`vX 6Q` � [m�MimK +HQ+F b�iBb7vBM; i?2 +HQ+F
+QM/BiBQM BM .2}MBiBQM k �M/ i?2 +QMbi`�BMi

Σ(in)
ϵ < τ (c) − Σ(c)

d , U"kV

i?2 T`Q#�#BHBiv i?�i t(in)2 ∈ C(in)
2 �M/ t(out)2 ∈ C(out)

2 ?QH/b Bb �i H2�bi 1 − ϵ(out)- r?2`2 i?2 +QM}/2M+2 BMi2`p�Hb 7Q` i?2
BMTmi iB+F �M/ i?2 QmiTmi iB+F �`2 /2}M2/ �b

C(in)
2 :=

(
µ(in)
ϵ − Σ(in)

ϵ

2
, µ(in)

ϵ +
Σ(in)

ϵ

2

)
U"jV

�M/

C(out)
2 :=

(
µ(in)
ϵ +

τ (c) − Σ(c)
d

2
, µ(in)

ϵ +
τ (c) + Σ(c)

d

2

)
. U"9V

h?2 i�BH T`Q#�#BHBiv Bb #QmM/2/ �b ϵ(out) ≤ ϵ+ ϵ(c)d X

S`QQ7 Q7 G2KK� jX "v /2}MBiBQM- i?2 T`Q#�#BHBiv i?�i t(in)2 BM Bib +QM}/2M+2 BMi2`p�H Bb Dmbi #QmM/2/ �b

Pr
[
t(in)2 ∈ C(in)

2

]
≥ 1− ϵ. U"8V

h?2 +HQ+F bi�i2 �i t(in)2 Bb Ψt∗2 - r?2`2

t∗2 = t(in)2 −m2 · τ (c) ∈
(
−τ

(c)

2
,
τ (c)

2

]
U"eV

7Q` bQK2 m2 ∈ NX lM/2` i?2 +QM/BiBQM t(in)2 ∈ C(in)
2 �M/ U"kV- r2 ?�p2

m2 = m U"dV

�M/

t∗2 ∈
(
−
τ (c) − Σ(c)

d

2
,
τ (c) − Σ(c)

d

2

)
. U"3V

q2 +�M i?2M �TTHv G2KK� k- r?B+? vB2H/b i?�i
(
T (c)
2 + t∗2

)
∈
(
τ (c) − Σ(c)

d

2
,
τ (c) + Σ(c)

d

2

)
U"NV

rBi? T`Q#�#BHBiv 1− ϵ(c)X >2`2 T (c)
2 := t(out)2 − t(in)2 X *QK#BMBM; 1[X U"eV- 1[X U"dV rBi? i?2 �#Qp2 2[m�iBQM- r2 ;2i

t(out)2 = m2 · τ (c) + T (c)
2 + t∗2 ∈ C(out)

2 , U"RyV

r?B+? K2�Mb i?�i 1[X U"NV BKTHB2b t(out)2 ∈ C(out)
2 X h?2M r2 +QM+Hm/2 i?�i

Pr
[
t(out)2 ∈ C(out)

2

∣∣t(in)2 ∈ C(in)
2

]
≥ 1− ϵ(c)d . U"RRV

6BM�HHv- #v i?2 +?�BM `mH2- r2 ?�p2

Pr
[
t(in)2 ∈ C(in)

2 ∩ t(out)2 ∩ C(out)
2

]
= Pr

[
t(out)2 ∩ C(out)

2

∣∣t(in)2 ∈ C(in)
2

]
Pr
[
t(in)2 ∈ C(in)

2

]
U"RkV

≥
(
1− ϵ(c)d

)
(1− ϵ) U"RjV

�M/ ϵ(out) ≤ ϵ+ ϵ(c) �b /2bB`2/X !



Rj

kX �++m`�+v Q7 i?2 QmiTmi bB;M�H

AM i?Bb bm#b2+iBQM- r2 2p�Hm�i2 i?2 �++m`�+v Q7 i?2 QmiTmi bB;M�H mbBM; G2KK� jX 6B`bi- r2 2KT?�bBb i?�i 1[X U"kV
BM G2KK� j ?QH/b bBM+2 Σ(in)

ϵ < µ(in)
ϵ #v �bbmKTiBQM �M/ Σ(c)

d p�MBb?2b �b d → ∞ #v i?2 +HQ+F +QM/BiBQMX
h?2M r2 b?Qr � HQr2` #QmM/ Q7 i?2 QmiTmi �++m`�+vX Ai Bb bi`�B;?i7Q`r�`/ 7`QK 1[X U"9V i?�i i?2`2 2tBbib �

+QM}/2M+2 BMi2`p�H Q7 i?2 QmiTmi iB+F rBi? +2Mi2` µ(in)
ϵ + τ (c)/2 �M/ rB/i? Σ(c)

d r?B+? ?�b � i�BH T`Q#�#BHBiv ϵ(out)X
h?2`27Q`2- i?2 QmiTmi �++m`�+v +�M #2 2p�Hm�i2/ �b

R(out)
j,ϵj

=
µ(in)
ϵ + τ (c)/2

Σ(c)
d

>

(
Σ(in)

ϵ

τ (c)/2

)
·
(
R(in)

ϵ +
1

2

)
·R(c). U"R9V

*?QQb2 m BM 1[X U"RV �b H�`;2 �b TQbbB#H2 bQ i?�i 1[X U"kV ǳ#�`2Hv ?QH/bǴ- BM i?2 b2Mb2 i?�i

Σ(in)
ϵ ∈

[
µ(in)
ϵ

m+ 1
,
µ(in)
ϵ

m

)
. U"R8V

h?2M i?2 `�iBQ #2ir22M Σ(in)
ϵ �M/ τ (c)/2 +�M #2 #QmM/2/ �b Σ(in)

ϵ

τ (c)/2
≥ 2m

m+1 ≥ 1X am#biBimiBM; Bi BMiQ 1[X U"R9V- r2 ;2i
i?2 #QmM/ URkVX

q?2M i?2 [m�MimK +HQ+F Bb � Zm�bB@B/2�H +HQ+F- i?2 +HQ+F �++m`�+v Bb R(c) = (d1−η/2)
(
1−O(d−2η)

)
X am#biBimiBM;

i?2 2tT`2bbBQM Q7 R(c)
d 7Q` i?2 Zm�bB@B/2�H +HQ+F BMiQ 1[X URkV- r2 ;2i 1[X URjVX

�TT2M/Bt *, S`QQ7 Q7 G2KK� k

.2}M2 ρ(t) := |ψt⟩⟨ψt| r?2`2 |ψt⟩ := e−itH−tδV̄d |Ψt∗⟩ Bb i?2 mMMQ`K�HBx2/ +HQ+F bi�i2X >2`2 |Ψt∗⟩ Bb i?2 BMBiB�H bi�i2
Q7 i?2 MQM@mMBi�`v 2pQHmiBQM- H Bb i?2 >�KBHiQMB�M- V̄d Bb � `2�H QT2`�iQ` +Q``2bTQM/b iQ i?2 BMi2`�+iBQM TQi2MiB�H i?�i
;2M2`�i2b QmiTmi iB+F- �M/ δ > 0 Bb i?2 BMi2`�+iBQM bi`2M;i?X LQi2 i?�i i?2 `2�H T�`i Q7 i?2 2tTQM2Mi +�mb2b i?2 MQ`K
Q7 i?2 bi�i2 iQ /2+`2�b2 bQ i?�i i?2 bi�i2 Bb MQi MQ`K�HBx2/X h?2 �/p�Mi�;2 Q7 mbBM; i?Bb MQi�iBQM Bb i?�i Tr [ρ(t)]
2[m�Hb i?2 T`Q#�#BHBiv i?�i i?2 +HQ+F 2pQHp2b 7Q` iBK2 t rBi?Qmi T`Q/m+BM; �Mv iB+F U`272``2/ iQ �b i?2 /2H�v 7mM+iBQM
BM (9)VX

.2}M2 I± := τ (c)

2 − t∗± Σ(c)
d
2 �b i?2 H27i #QmM/�`v �M/ i?2 `B;?i #QmM/�`v Q7 i?2 +QM}/2M+2 BMi2`p�HX h?2 T`Q#�#BHBiv

i?�i i?2 iB+F Bb ;2M2`�i2/ BM i?2 +QM}/2M+2 BMi2`p�H I = [I−, I+] +�M #2 2tT`2bb2/ �b

Pr
[
T (c) ∈ I

]
:= Tr [ρ(I−)]− Tr [ρ(I+)] . U*RV

h?2 bi�i2K2Mi Q7 G2KK� k- BX 2X 1[X UdV- +�M #2 `2T?`�b2/ �b

Tr [ρ(I−)]− Tr [ρ(I+)] ≥ 1− ϵ(c)d . U*kV

h?2`27Q`2- iQ b?Qr �M mTT2` #QmM/ Q7 i?2 i�BH T`Q#�#BHBiv- r2 M22/ iQ /2`Bp2 � HQr2` #QmM/ QM Tr [ρ(I−)] �M/ �M
mTT2` #QmM/ QM Tr [ρ(I+)]X hQ �+?B2p2 i?Bb- r2 }`bi BMi`Q/m+2 i?2 7QHHQrBM; H2KK�- r?B+? +QK2b BKK2/B�i2Hv 7`QK
(9- G2KK� kR �M/ G2KK� kk),
G2KK� 9 U(9)- G2KK� kR �M/ G2KK� kkVX

∆c(t)− ϵtail − ϵtrans(t, d) ≤ Tr [ρ(t)] ≤ ∆c(t) + ϵtail + ϵtrans(t, d). U*jV

>2`2

ϵtrans(t, d) = |t| d

τ (c)

(
O

(
σ3

v̄σ2/d+ 1

)1/2

+O

(
d2

σ2

))
e
−π

4

α2
0

(d/σ2+v̄)2
( d

σ )
2

+O

(
|t| d

2

σ2
+ 1

)
e−

π
4

d2

σ2 +O
(
e−

π
2 σ2
)

= O

(
|t|
τ (c)

e−
π
4 d

η
8

)
U*9V

�b /2}M2/ BM (9- 1[X U6j3V) r?2`2 σ = dη/2 U+7X (9- 1[X U6k9RV)V- v̄σ = d1−η/16 U+7X (9- 1[X U6kRjV)V- �M/ α0 +�M #2
b2i iQ QM2 U+7X (9- 1[X U6jyV)V-

ϵtail = O
(
e−

π
2 dη
)

U*8V



R9

�b /2}M2/ BM (9- 1[bX U6d3V �M/ U63RV)-

∆c(t) :=
∑

k∈Iγ(t∗)

e−2δ
∫ k+td/τ(c)

k dyV̄d(y)ψnor

(
k − t∗d

τ (c)

)
U*eV

r?2`2 Iγ(t∗) :=
{
⌊t∗d/τ (c) − γd/2⌋, . . . , ⌈t∗d/τ (c) + 1 + γd/2⌉

}
X >2`2 ψnor Bb � MQ`K�H /Bbi`B#miBQM b�iBb7vBM;

∑
k∈Iγ(t∗)

ψnor

(
k − t∗d

τ (c)

)
≥ 1− ϵtailX

h?2 M2ti bi2T Bb iQ #QmM/ i?2 /QKBM�Mi i2`K ∆c(t)X "v (9- 1[X U6RjV)- xvr Bb /2}M2/ bQ i?�i

1− ϵ̃V =

∫ xvr

−xvr

dx V̄0(x+ x0), U*dV

r?2`2 V̄0 Bb /2}M2/ pB� i?2 `2H�iBQM V̄d(x) =
2π
d V̄0

(
2π
d x
)
X h?2 `2H�iBQM #2ir22M V̄0 �M/ V̄d BKTHB2b i?�i

∫ k+ td

τ(c)

k
dy V̄d(y) =

∫ 2πk
d −x0+ 2πt

τ(c)

2πk
d −x0

dx V̄0(x+ x0). U*3V

>2`2 r2 i�F2 i?2 HQ+�iBQM Q7 i?2 TQi2MiB�H iQ #2 x0 = πX h?2M r2 +�M b22 i?�i,

RX � bm{+B2Mi +QM/BiBQM 7Q`
∫ k+td/τ (c)

k dyV̄d(y) ≤ ϵ̃V iQ ?QH/ Bb i?�i

[−xvr, xvr] ⊂
[
2πk

d
− π,

2πk

d
− π +

2πt

τ (c)

]c
U*NV

?QH/b 7Q` 2p2`v k ∈ Iγ(t∗)- r?B+? Bb ;m�`�Mi22/ r?2M

t ≤ τ (c)

2
− t∗ −

(xvr

2π
+
γ

2

)
τ (c) = I−. U*RyV

kX � bm{+B2Mi +QM/BiBQM 7Q`
∫ k+td/τ (c)

k dyV̄d(y) ≥ 1− ϵ̃V iQ ?QH/ Bb i?�i

[−xvr, xvr] ⊂
[
2πk

d
− π,

2πk

d
− π +

2πt

τ (c)

]
U*RRV

?QH/b 7Q` 2p2`v k ∈ Iγ(t∗)- r?B+? Bb ;m�`�Mi22/ r?2M

t ≥ τ (c)

2
− t∗ +

(xvr

2π
+
γ

2

)
τ (c) = I+. U*RkV

h?2 �#Qp2 /Bb+mbbBQM vB2H/b i?2 #QmM/b 7Q` ∆c(I−) �M/ ∆c(I+)X 1tTHB+BiHv- r2 ?�p2,

∆c(I−) ≥
(

min
k∈Iγ(t∗)

e−2δ
∫ k+td/τ(c)

k dyV̄d(y)

)
· (1− ϵtail) U*RjV

≥ e−2δϵ̃V · (1− ϵtail), U*R9V

�M/

∆c(I+) ≤
(

max
k∈Iγ(t∗)

e−2δ
∫ k+td/τ(c)

k dyV̄d(y)

)
U*R8V

≤ e−2δ(1−ϵ̃V ). U*ReV

h?2`27Q`2- r2 ?�p2

Tr [ρ(I−)]− Tr [ρ(I+)] ≥ e−2δϵ̃V · (1− ϵtail)− e−2δ(1−ϵ̃V ) − 2ϵtail − ϵtrans (I−, d)− ϵtrans (I+, d) U*RdV

≥ 1− 2δϵ̃V − e−δ − 3ϵtail − 2ϵtrans
(
τ (c), d

)
, U*R3V

?�pBM; �bbmK2/ i?�i ϵ̃V ≤ 1/2 Ur?B+? �Hr�vb ?QH/b bBM+2 r2 +QMbB/2` QMHv i?2 �bvKTiQiB+bVX PM2 +�M 2�bBHv b22 7`QK
i?2 �#Qp2 2[m�iBQM i?�i i?2 i�BH T`Q#�#BHBiv ϵ(c)d Bb #QmM/2/ �b 1[X U�k9VX


