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Petri nets are a widely studied formalism for describing collections of entities of different types,
and how they turn into other entities [3. 6]. Network models are a formalism for designing and tasking
networks of agents [1} 4]]. Here we combine the two. This is worthwhile because while both formalisms
involve networks, they serve a different function, and are in some sense complementary.

For a set X, let N[X] denote the set of finite formal sums of elements of X. A Petri net is given by the
following data: a set S of places, a set T of transitions, a source function s: 7' — NIS], a target function
t: T — N[S]. In applications to chemistry, places are also called ‘species’. The places represent different
types of entity, and the transitions describe ways that one collection of entities of specified types can turn
into another such collection.

Network models serve a different function than Petri nets: they are a general tool for working with
networks of many kinds. A network model is a lax symmetric monoidal functor G: S(C) — Cat, where
S(C) is the free strict symmetric monoidal category on a set C, and Cat is considered with its cartesian
monoidal structure. Elements of C represent different kinds of ‘agents’. Unlike in a Petri net, we do not
usually consider processes where these agents turn into other agents. Instead, we wish to study everything
that can be done with a fixed collection of agents. Any object x € S(C) is of the form ¢; ® - -- ® ¢,, for
some c; € C; thus, it describes a collection of agents of various kinds. The functor G maps this object to
a category G(x) that describes everything that can be done with this collection of agents.

In many examples considered so far, G(x) is a category whose morphisms are graphs whose nodes
are agents of types ci, ..., c,. Composing these morphisms corresponds to ‘overlaying’ graphs. Network
models of this sort let us design networks where the nodes are agents and the edges are communication
channels or shared commitments. In our first paper the operation of overlaying graphs was always
commutative [[1]. Subsequently we introduced a more general noncommutative overlay operation [4].
This lets us design networks where each agent has a limit on how many communication channels or
commitments it can handle; the noncommutativity allows us to take a ‘first come, first served’ approach
to resolving conflicting commitments.

Here we take a different tack: we instead take G(x) to be a category whose morphisms are processes
that the given collection of agents, x, can carry out. Composition of morphisms corresponds to carrying
out first one process and then another.

This idea meshes well with Petri net theory, because any Petri net P determines a symmetric monoidal
category FP whose morphisms are processes that can be carried out using this Petri net [2]. More
precisely, the objects in P are markings of P, and the morphisms are sequences of ways to change these
markings using transitions.

In a network model the elements of C represent different kinds of agents. In the simplest scenario,
these agents persist in time. Thus, it is natural to take C to be some set of ‘catalysts’. In chemistry, a
reaction may require a catalyst to proceed, but it neither increases nor decrease the amount of this catalyst
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present. For a Petri net, ‘catalysts’ are species that are neither increased nor decreased in number by any
transition.
For example, in the following Petri net, species a is a catalyst:

: T :;
)
but neither b nor c is a catalyst. The transition 7, requires one token of type a as input to proceed, but
it also outputs one token of this type, so the total number of such tokens is unchanged. Similarly, the
transition 7, requires no tokens of type a as input to proceed, and it also outputs no tokens of this type,
so the total number of such tokens is unchanged.
We prove that given any Petri net P, and any subset C of the catalysts of P, there is a network model

G: S(C) — Cat. An object x € S(C) says how many tokens of each catalyst are present; G(x) is then the
full subcategory of F'P where the objects are markings that have this specified amount of each catalyst.

Theorem. The functor G: S(C) — Cat becomes lax symmetric monoidal with the lax structure map
D,y G(x) x G(y) = G(x®Yy)
given by the tensor product in F P, and the map
¢0:1—G(0)

sending the unique object of the terminal category 1 € Cat to the unit for the tensor product in F P, which
is the object 0 € G(0)

We use the following simple example to demonstrate the ideas. More elaborate examples are not
hard to imagine.

Example. The following Petri net P has species S = {a,b,c,d, e} and transitions T = {1), 7, }:

<D$Tl¢@) Tz)@

Species a and b are catalysts and the rest are not. We thus can take C = {a,b} and obtain a Petri net with
catalysts (P,C), which in turn gives a Petri network model G: S(C) — Cat.

Here is one possible interpretation of this Petri net. Tokens in ¢ represent people at a base on land,
tokens in d are people at the shore, and tokens in e are people on a nearby island. Tokens in a represent
jeeps, each of which can carry two people at a time from the base to the shore and then return to the base.
Tokens in b represent boats that carry one person at a time from the shore to the island and then return.

From the functor G: S(C) — Cat we can construct a category | G by ‘gluing together’ all the cat-
egories G(x) using the Grothendieck construction. Because G is symmetric monoidal we can use an
enhanced version of this construction to make [ G into a symmetric monoidal category [5]]. The tensor
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product in [ G describes doing processes ‘in parallel’. The category [ G is similar to FP, but it is better
suited to applications where agents each have their own ‘individuality’, because F P is actually a commu-
tative monoidal category, where permuting agents has no effect at all, while | G is not so degenerate. We
make this precise by more concretely describing [ G as a symmetric monoidal category, and clarifying
its relation to FP.

Theorem. Let G: S(C) — Cat be the Petri network model associated to the Petri net with catalysts (P,C).
The symmetric monoidal category [ G is monoidally equivalent to the full subcategory of S(C) x FP
whose objects are those of the form (x,a) with x € S(C) and a € G(x).

There are no morphisms between an object of G(x) and an object of G(x') unless x = x/, since no
transitions can change the amount of catalysts present. The category FP is thus a ‘disjoint union’, or
more precisely a coproduct, of subcategories G(x) where x € S(C) specifies the amount of each catalyst
present. The tensor product on FP has the property that tensoring an object in G(x) with one in G(y)
gives an object in G(x ®y), and similarly for morphisms. However, we show that each subcategory
G(x) also has its own tensor product, denoted ®,, which describes doing one process after another while
reusing catalysts. Briefly, to do f ®, f', first do f’ and then f by reusing catalysts from the collection x.

Theorem. The tensor product ®, makes G(x) into a strict monoidal category.

Finally, we show that these monoidal structures define a lift of the functor G: S(C) — Cat to a functor
G: S(C) — MonCatg,, where MonCaty, is the category of strict monoidal categories.

Theorem. The network model G: S(C) — Cat lifts to a functor G: S(C) — MonCat,:

MonCatg

/l

— Cat

where G(x) is the category G(x) with the @, monoidal structure, where U is the forgetful functor.
A preprint can be found on the first author’s website at http://math.ucr.edu/home/baez/catalysts.pdf.
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