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Abstract

To approximate arbitrary unitary transformations on one or more qubits, one must perform trans-
formations which are outside of the Clifford group, which is only a discrete set of transformations.
The gate most commonly considered for this purpose is the T = diag(1,eiπ/4) gate. As T gates are
computationally expensive to perform fault-tolerantly in the most promising error-correction tech-
nologies, minimising the “T count” (the number of T gates) required to realise a given unitary in
a Clifford+T circuit is of great interest. Following Heyfron and Campbell [9], one can transform
the circuit into a form involving a CNOT+T circuit, followed by rounds of Pauli measurements and
classically controlled Clifford gates. One may further transform the CNOT+T portion into a CNOT
circuit, followed by a product of “π/4-parity-phase” operations: diagonal unitary transformations
which induce a relative phase of eiπ/4 depending on the outcome of a parity computation on the stan-
dard basis (which the “phase gadgets” of Kissinger and van de Wetering [10] can easily represent).
We present a heuristic technique to simplify circuits of π/4-parity-phase operations, based on simple
identities for such operations. This results in a corresponding reduction of the T -count to realise a
unitary circuit. These techniques can be extended to reduce non-Clifford phase gates at various levels
of the Clifford hierarchy, by simplifying “π/2k-parity-phase” operations for non-negative integers k.

1 Introduction

An important goal of quantum technologies is to realise, as faithfully as possible, an architecture capa-
ble of performing approximately universal quantum computation. Ignoring the practical difficulties of
imperfectly realised operations and noise in imperfect hardware, such an architecture must be able to ap-
proximate an arbitrary unitary transformation with high probability, possibly relative to some embedding
of the computational space into the states of its qubits (e.g., to perform error correction).

The above goal requires at minimum that the set of transformations that the architecture can perform
do not form a discrete set. This is challenging, as the operations which can be easily performed fault-
tolerantly for various error correcting codes form a discrete set, often the Clifford group or a subset of
it. As the Clifford group is in any case useful to reason about quantum error correction and very simple
procedures on quantum data, this motivates the approach of (a) considering fault-tolerant realisations of
the Clifford group, together with a more labour-intensive procedure to realise some unitary transforma-
tion outside of the Clifford group, and then (b) minimising the number of non-Clifford gates required to
realise or approximate a given unitary. The most popular approach is to consider “Clifford+T” circuits,
using a gate-set such as {CNOT,H,S,T}, involving CNOT, the Hadamard gate H, and S = diag(1, i) as
generators of the Clifford group, supplemented by the gate T = diag(1,eiπ/4) =

√
S. We then consider

the problem of minimising the T count of a unitary transformation, i.e., of minimising the number of T
gates to realise (or approximate) that unitary.
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Heyfron and Campbell [9] show that, by simulating H transformations using X observable mea-
surements, controlled-Z operations, and CNOT operations, one can realise a Clifford+T unitary using a
circuit consisting of a circuit of CNOT operations, a circuit of diagonal non-Clifford operations, and a
sequence of (possibly classically controlled) Clifford operations. This allows them to reduce the problem
of T -count reduction to an appropriate analysis of the diagonal non-Clifford portion of this circuit. This
can be described as a product of what in this article we call “π/4-parity-phase” operations, which induce
a relative phase of eiπ/4 on standard basis states depending on the outcome of some parity computation
f (x) = xi1 ⊕ xi2 ⊕ ·· · ⊕ xim , for any string x ∈ {0,1}n, integer m > 1, and 1 6 i1, i2, . . . , im 6 n. Each
π/4-parity-phase gate can be realised in principle using a single T or T † gate, and a circuit of CNOT
gates: simplifying the subcircuit of π/4-parity-phase gates is directly productive to reducing the T count.

The strategy of Heyfron and Campbell [9] represent a strategy of simplification by considering var-
ious kinds of phase polynomials, and builds on a sequence of results which revolve around such opera-
tions [4, 8, 3, 2, 6, 5] presented in various but similar ways. Most recently, Kissinger and van de Weter-
ing [10] consider simplification of circuits by means of analysis in terms of “phase gadgets” representing
unitaries generalising π/4-parity-phase operations (with arbitrary relative phases in place of eiπ/4). These
results all recognise the difficulty of optimising the T count, and related problems, which is NP-hard in
general: they approach the problem of systematically minimising T -count by means of approaches to
solving other known hard problems to which reducing phase polynomials may be reduced.

In this article, we describe simple identities of π/4-parity-phase operations. We then make a relatively
elementary observation that reducing the T -count amounts to a combinatorial problem of minimising the
size of a collection {S1,S2, . . . ,St} of such subsets, subject to representing the same operation. These
observations allow us to obtain decompositions of unitiaries with smaller T -count than any previous
results, without sophisticated mathematical techniques. They also appear to generalise straightforwardly
to the problem of reducing the count of operations r

√
S, for r = 2k for k > 0, which would be required to

realise a circuit of π/2k−1-parity-phase operations.

2 Preliminaries

We set out some basic or existing results, using the following notation. Let [n] := {1,2, . . . ,n} and 1 be
the 2×2 identity matrix. For sets S,T ⊆V we write S ∆ T for the symmetric difference (S∪T )\ (S∩T ),
and x(S) ∈ {0,1}V denote the incidence vector of S, where x(S)

j = 1 if and only if j ∈ S.

2.1 The Clifford hierarchy

Let Pn :=
{

ik P1⊗ ·· · ⊗Pn
∣∣ k∈Z & Pj ∈{1,X ,Y,Z}

}
denote the n-qubit Pauli group. We define the

Clifford hierarchy (on n qubits) by defining C n
1 := Pn, and

C n
k =

{
U ∈Un(C)

∣∣∀P∈Pn.UPU†∈ C n
k–1
}

(1)

for k > 1. We then define Dn
k ⊆ C n

k to be the subset of diagonal operations. As an abuse of notation, we
will identify C n

k and Dn
k with subsets of C N

k and DN
k (respectively) for n < N. As a part of this abuse of

notation, we allow ourselves to write S ∈ C n
2 and T ∈ C n

3 for all n > 1.

2.2 Parity-phase operations

Defining parity-phase operations. It is easy to show that Dn
k forms an abelian group. In particular,

one can show (see Appendix A) that Dn
k is generated by the operators ω ·1⊗n for any global phase ω ,
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together with all operations of the form DS,k for sets S = {s1, . . . ,sm} ⊆ [n] for m > 1, defined by

DS,k = exp
(
− iπ

2k

(
Zs1⊗·· ·⊗Zsm

))
= exp

(
− iπ

2k ZS

)
= cos

(
π

2k

)
1− isin

(
π

2k

)
ZS , (2)

where ZS =
⊗

j∈S Z j . (We define DS,k for all k ∈Z; however, one may show DS,0=−1⊗n and DS,−k=1
⊗n

for all k > 0 and S⊆ [n].) Note that X jZSX†
j = (−1)x(S)j ZS, and CNOTh, j ZS CNOT†

h, j = ZS′ such that

S′ =

{
S ∆{h}, if j ∈ S;
S, otherwise.

(3)

From this it follows that
X j DS,k X†

j = D−1
S,k ∈ Dn

k (4a)

if j ∈ S (and X j DS,k X†
j = DS,k otherwise); and

CNOTh, j DS,k CNOT†
h, j = DS′,k ∈ Dn

k (4b)

so that Dn
k is preserved under conjugation by CNOT and X operations. Also note that D 2

S,k = DS,k−1,
from which it follows that Dn

k−1 ⊆Dn
k .

We refer to operations DS,k+1 , and their inverses, as “π/2k -parity-phase” operations. We motivate
this terminology as follows. Let S = {s1,s2, . . . ,sm} for some m > 1. For a standard basis vector |z〉, we
have ZS |z〉= (−1)x(S)·z |z〉, where we define x(S) · z = ∑i x(S)

i zi . From this it follows that

DS,k+1 |z〉=

{
exp(−iπ/2k+1) |z〉 , if x(S) · z = 0;

exp(+iπ/2k+1) |z〉 , if x(S) · z = 1.
(5)

This is equivalent (up to a global phase of e−iπ/2k+1
) to inducing a relative phase of π/2k on |z〉 for those

z ∈ {0,1}n for which x(S) · z = zs1⊕ zs2⊕·· ·⊕ zsm = 1; and similarly for D−1
S,k+1. More generally, we refer

to exp(±1
2 iθZS) as a θ -parity-phase operation. We note that θ -phase parity operation, the operators DS,k

among them, can be represented by ZX diagrams with the usual denotational semantics (read from left
to right in this article), with structure such as the following:

... ±θ

(
or

... ±θ ,R if conditioned on the parity of a set of bits R
)

(6)

where the long horizontal wires are the qubits indexed by [n] = {1,2, . . . ,n} and S ⊆ [n] is the subset of
those qubits which have (green) degree-3 copy nodes on them. In the right-hand diagram, R denotes a
set of boolean variables si ∈ {0,1}: using the extended annotations of Ref. [7], the diagram denotes that
the phase applied is ±θ only if

⊕
si∈R si = 1, and that otherwise the phase is zero. We refer to these as

“phase gadgets”, adopting the terminology of Ref. [10, Section 4.3]; when |S|= m, we may refer to it as
a “phase m-gadget”. (If θ is an odd multiple of π/4, we may refer to it as a “T -phase m-gadget”; for θ

an integer multiple of π/2, we refer to it as a “Clifford-phase m-gadget”. If m = 1, we may also mildly
abuse this terminology to refer to a simple green phase node as a “1-gadget”.)

Remark. We identified ZX diagrams such as Eqn. (6) as objects of interest early in our work on this
topic, independently of Ref. [10]. However, these objects arise from the ZX calculus so naturally that it
is reasonable to suppose that any serious investigation of Dn

k — if it involved the ZX calculus — would
quickly identify such diagrams as a structure of central significance.
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Parity-phase operations in relation to controlled phases. An important role of DS,3 gates for S⊆ [n]
is their relationship to diagonal gates in Dn

3 which are controlled-unitaries of a more straightforward
sense, such as CS and CCZ:

CS = |0〉〈0|⊗1+ |1〉〈1|⊗S

= exp
( iπ

2
|11〉〈11|

)
,

CCZ =
(
|00〉〈00|+ |01〉〈01|+ |10〉〈10|

)
⊗1+ |11〉〈11|⊗Z

= exp
(

iπ |111〉〈111|
)

;
(7)

we may describe how to generate these from Dk,3 operations by decomposing the projectors |11〉〈11| or
|111〉〈111| into tensor products of |1〉〈1|= 1

2

(
1−Z), and expanding to obtain a product of DS,3 gates (see

Eqn. (25) in Appendix A): disregarding the D /0,3 factors, which realise global phases, we obtain

CSh, j ∝ D{h},3D{ j},3D−1
{h, j},3 ; CCZg,h, j ∝ D{g},3D{h},3D{ j},3D−1

{g,h},3D−1
{g, j},3D−1

{h, j},3D{g,h, j},3 . (8)

More generally, we may relate (t−1)-controlled π/2k-phase gates to π/2k−t+1-phase parity gates, fol-
lowing Eqn. (25):

∏
S∈℘(V )

S 6= /0

D(−1)|S|
S,k ∝ exp

( iπ
2k−|V |+1 |1〉〈1|

⊗V
)
, (9)

where the right-hand operator applies a phase of π/2k−|T |−1 to those components of a state in which all
of the qubits in T are in the state |1〉. A corollary of this, on which our results depend, is that

∏
S∈℘(V )

S 6= /0

D(−1)|S|
S,k ∝ 1

⊗V , so that DV,k ∝ ∏
S∈℘(V )
S/∈{ /0,V}

D(−1)|V |−|S|+1

S,k , for |V |> k. (10)

Connection between parity-phase operations and T -count. From Eqn. (4b), it follows that any oper-
ation DS,k can be reduced to an operation Dj,k ∝ diag(1,e2πi/2k

) acting on a single qubit j, by conjugation
with an appropriate CNOT circuit. In particular, it follows that any DS,3 circuit has minimal T -count 1.
This allows us to approach the question of reducing T count by considering decompositions of unitaries
involving few π/4-parity-phase operations, acting on many qubits.

3 Reduction of T -count through simplification of parity-phase circuits

In this section, we apply the observation of Eqn. (10) to describe simplifications which can reduce the
T -count necessary to realise a unitary Dn

3 operation.

Remark. It will be convenient to us to represent circuits involving parity-phase operations using phase-
gadgets (i.e., ZX diagrams) as depicted in Eqn. (6). However, we do not make significant use of the
rewriting system of the ZX calculus in our results; apart from our use of phase gadgets, we essentially
retain the structure of unitary circuits throughout.

3.1 Realising unitaries with large layers of diagonal operators

We may use a series of circuit transformations, generalising and inspired by that of Heyfron and Camp-
bell [9], to reduce the amount of non-Clifford diagonal operations used to realise a unitary U .

Let C be a circuit realising U , initially expressed as a Clifford+Dn
k circuit, e.g., using the gate-set{

CNOT,X ,Z,H,S
}
∪
{ r√S j

∣∣ r = 2t−2, t ∈ {3,4, . . . ,k}
}

. We transform C as follows:
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1. Rewrite the H gates in the interior of the circuit, using the following circuit / ZX gadgets (using a
fresh classical bit label in place of “s” below, each time):

H ≡
|+〉

X

X
≡

−π/2

−π/2

π/2

π,{s}

π,{s}

≡

−π/2

π/2

π,{s}

−π/2 π,{s}

(11)

In the circuit second from the left, the two qubits are subject to a SWAP operation, followed by
a CZ = exp

(
iπ |11〉〈11|

)
operation. The bottom qubit is measured finally with an X observable

measurement (i.e., in the |+-〉 basis), and the top operation is acted on finally by an X operation
only if the outcome is |-〉. On the right are annotated ZX diagrams in the style of Ref. [7], in
which the measurement is represented as a projection with a random outcome s, which governs the
presence of phase operations elsewhere. The leftmost ZX diagram describes the decomposition of
the controlled-Z operation, using CZh, j ∝ D{h, j},2 D−1

{h},2 D−1
{ j},2 . The final ZX diagram propogates

the single-qubit D−1
{∗},2 operations towards the preparation and measurement of the second qubit, so

that the second qubit is prepared in the |-y〉 ∝ |0〉− i |1〉 state, and (if we absorb the final rotation
into the measurement) is measured in the Y eigenbasis, with outcome s ∈ {0,1} on a measured
state of 1√

2

(
|0〉+ i·(−1)s |1〉

)
.

2. Decompose / rewrite operations (possibly with classical controls) as follows, for any h, j ∈ [n] and
for r = 2t−2 where 3 6 t 6 k:

Z j ∝ D{ j},1 Yj ∝ X j D{ j},1 S j ∝ D{ j},2
r√S j ∝ D{ j}, t (12)

3. Commute all X operations — i.e., red π-phase nodes (both unconditioned and classically condi-
tioned) — to the end of the circuit. Note that:

• X operations immediately before X measurements do not affect the outcome, and may be
absorbed into the measurement itself;
• Commuting X operations past CNOT operations may induce further X operations (which

may be classically controlled); we also commute these to the end.
• Commuting X j operations (without classical control) past DS, t operations, for j ∈ S, inverts

the DS, t operation by Eqn. (4a).
• Commuting X j operations (with classical control) past DS, t operations, for j ∈ S, induces a

classically controlled DS, t−1 operation, as from Eqn. (4a) we have

DS,t X sj
j = X sj

j D(−1)sj

S, t = X sj
j D−2sj

S, t DS, t = X sj
j D−sj

S, t−1 DS, t . (13)

4. Commute all SWAP and CNOT operations towards the beginning of the circuit. This may trans-
form various DS, t gates By Eqn. (4b), changing the set S involved without changing the level t of
the Clifford hierarchy to which it belongs.

5. Commute any classically-controlled DS, t gates towards the end of the circuit (but before the X
operations), in layers according to the classical control bit involved, and collect together all parity-
phase operations acting on a given set of qubits into a single parity-phase operation. Similarly,
commute all of the unconditional DS, t gates towards the beginning of the circuit (but after the
CNOT and SWAP operations). Simplify these using D,2

S,k = DS,k−1 and Eqn. (10). Repeat this step
until no further simplifications are possible.
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If the original circuit C had m Hadamard gates, the above procedure realises a transformation

C −→ H1 X1 Dm · · · D2 D1 D0 X0 H0 , (14)

where H0 prepares a collection of qubits in the |-y〉 ∝ |0〉− i |1〉 state (denoted in ZX by a green −π/2
node) and possibly performs Hadamard gates on the input qubits; X0 is a circuit of SWAP and CNOT
gates; D0 is a circuit realising a Dn

k operation; the circuits D j (for 1 6 j 6 m) consist of the jth mea-
surement in the |0〉+ i · (−1)sj |1〉 basis with outcome sj (denoted in ZX by a green “−π/2+ π,{s j}”
node), followed by Dn

k operations conditioned on the outcome sj ; X1 is a circuit consisting of all X
operations (classically controlled or not); and H1 possibly performs some Hadamard gates on the output
qubits. We refer to this process as “putting the circuit into HXDXH form”. (We recommend pronouncing
“HXDXH” as “hexadexah”.)

In the above, all of the non-Clifford operations consist of the operations from Dn
t for 3 6 t 6 k, in the

various layers D j for 0 6 j 6 m. This motivates the question of how to simply circuit consisting entirely
of DS, t operations. In particular, for k = 3, reducing the number of DS,3 operations involved in such a
circuit represents a decrease in the T -count involved in realising the operation.

3.2 Example of T-count reduction by conversion to HXDXH form

As an illustrative example, we consider the “Mod54” circuit on five qubits, which computes |x〉 |y〉 7→
|x〉 |y⊕ f (x)〉 for f : {0,1}4→{0,1} such that f (x) = 1 if and only if x ∈ {0,1}4 is the binary represen-
tation of a multiple of 5. The circuit on the left, below, loosely follows the circuit provided by Ref. [1].
We obtain the right-hand circuit by decomposing each of the (multiply-)controlled NOT gates using CZ
and CCZ operations, taking advantage of the fact that all operations use the bottom qubit as a target.

≡

H Z H

(15)

The right-hand circuit is already nearly in HXDXH form, apart from decomposing CZ and CCZ into Dn
3

gates, which yields the following circuit:

H
π

π/4

π/4

π/4

−π/4 −π/4

−π/4

π/4

π/4

π/4

π/4

−π/4

−π/4

−π/4 π/4

π/2

π/2

−π/2

π/4

π/4

π/4

−π/4

−π/4
−π/4 π/4

π/2

π/2

−π/2

π/4

π/4

π/4

−π/4

−π/4
−π/4 π/4

π/2

π/2

−π/2

π/2

π/2

−π/2

H

(16a)

We may simplify by collecting together all operations acting on the same set of qubits, e.g., those acting
on {5}, those acting on {4,5}, and so forth. This yields following circuit:

H
4π

π

π

−π/4 −π

−π

π/4

π

−π/4
−π

π/4

π

−π/4

−π π/4

−π/4

π/4

H

(16b)
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Using the identity D{a,b},1 = D{a},1 D{b},1 and reducing angles mod 2π , we obtain a final simplified
circuit:

H

−π/4

π/4 −π/4

π/4

−π/4

π/4

−π/4

π/4

H

(16c)

Remark. The circuit above has T -count 8, in contrast to 16 achieved by the algorithm TODD in
Ref. [9]. In principle, the same simplification was available through the techniques of Ref. [9], which is
also based on parity-phase operations — albeit expressed mostly in terms of “phase polynomial” opera-
tors, U f := ∏z exp

( iπ
4 f (z) |z〉〈z|

)
, for some polynomial

f (z) = ∑
h
`h zh +2∑

h< j
qh j zh z j +4∑

h< j<k
ch jk zh z j zk (17)

with integer coefficients `h, qh j, and ch jk. An advantage of pursuing an analysis of circuits in which all
operators of Dn

3 (and more generally Dn
k ) are decomposed directly into parity-phase operations, is that

simplifications such as the one above come to the fore, and may possible be easier to realise reliably.

3.3 Phase Gadget Elimination tactics

We describe a framework in which to describe reduction of T -count in circuits consisting entirely of Dn
3

operations, and present a specific example which may form the basis of a heuristic to reduce T -count.
Approaches to reduce the T -count while preserving the meaning of a circuit consists of the suitable

application of some mathmatical identity, possibly up to scalar factors, and possibly passing through
different representations of these circuits. These are often identities of diagonal unitary circuits [3, 5]),
though not always [8, 10]. In the special case of reductions by identities on diagonal unitaries, they may
in principle be described in terms of a commuting product of operations which are proportional to the
identity operator.

Equipped with such an identity on products of diagonal operations, one may attempt to find a collec-
tion S of operators, which represents more than half of some set of operators V which are involved in such
an identity. One may then substitute the set S with the inverses of the operators in V \S, simplifying the
circuit. When such an identity concerns products of phase gadgets, we describe such a tactic as a Phase
Gadget Elimination (or PHAGE) tactic. In principle, the T-optimise subroutine of Ref. [5] and the TOOL
and TODD subroutines of Ref. [9] may be interpreted as algorithms to deploy one or more PHAGE tac-
tics. This approach to T -count reduction can be distinguished from that of Ref. [10], in which phases
may in principle be aggregated one at a time in circuits which are unitary but not diagonal. While such
techniques seem fruitful, we suggest that investigation of identities on parity-phase operations — and
the way in which such identities may be deployed as PHAGE tactics — may provide a complementary
approach to reduce the T -count.

A spider’s nest identity. As evidence in support of this proposal, we now consider a PHAGE tactic
which makes use of a specific (and to our knowledge, new) identity involving a single T -phase n-gadget



8 A heuristic to reduce π/4-parity-phase circuits

for n≥ 4, and phase k-gadgets with k ≤ 3:

n

 ...

...

(n−2)(n−3)π

8

(n−2)(n−3)π

8

(n−2)(n−3)π

8

−(n−3)π

4

−(n−3)π

4 −(n−3)π

4
π

4
...

...

−π

4

∝ 1
⊗n ; (18)

Let Gn denote the n-qubit circuit on the left-hand side of Eqn. (18). This consists of a 1-gadget with
phase angle (n−2)(n−3)π

8 on each line, a 2-gadget on each pair of lines with phase angle −(n−3)π

4 ,
and a 3-gadget with phase angle π

4 on each subset of three lines, and finally an n-gadget with phase angle
−π

4 . (We prove this identity in Appendix B.) We refer to this identity (and any other identity involving
one large phase-gadget “spider” together with many smaller “spiders”) as a spider nest identity. For the
identity above, we make the following observations:
• If n = 4, then it is essentially the same as the rule R13 given in [2], and also Eqn. (10).

• If n ≡ 1 (mod 4) or n ≡ 3 (mod 4), all of the 2-gadgets in Eqn. (18) are Clifford-phase gadgets,
which do not contribute to the T -count.

• If n ≡ 3 (mod 4) or n ≡ 2 (mod 4), all of the 1-gadgets in Eqn. (18) are Clifford-phase gadgets,
which again do not contribute to the T -count.

Let Tn denote the T -count of the left-hand-side of Eqn. (18), excluding the final n-gadget: then

Tn =



1
6 n(n2 +5), for n≡ 0 (mod 4);
1
6 n(n2−3n+8), for n≡ 1 (mod 4);
1
6 n(n2−1), for n≡ 2 (mod 4);
1
6 n(n2−3n+2), for n≡ 3 (mod 4).

(19)

A spider nest PHAGE. For a fixed value of n, and a T -phase gadget on 1 to 3 qubits, we say that the
phase gadget is usable (in the spider’s nest identity above) if the identity involves T -phase gadgets of
that size. Thus, T -phase 3-gadgets are usable for all n; T -phase 2-gadgets are only usable if n is even;
and T -phase 1-gadgets are only usable if n≡ 0,1 (mod 4). These represent the phase gadgets which we
may use in a PHAGE tactic (i.e., to reduce the T -count) by means of the spider’s nest identity Eqn. (18)
for a given value of n. For the sake of definiteness, we describe this tactic below:

PHAGE TACTIC (“PHAGE A”). Let V be a set of n qubits, and C be a Dn
3 circuit on V , realised by

π/4-parity-phase operations (represented by phase gadgets) acting on different subsets of qubits. Let S
be the number of usable T -phase gadgets acting on V : if |S|> 1

2(Tn+1), then:

1. Add the circuit (or the inverse of) Gn described in the left-hand side Eqn. (18) to C.
2. Simplify the resulting circuit by cancelling phase gadgets on subsets of S, or more generally accu-

mulating them to produce Clifford-phase gadgets.

In particular: if all of the elements of S are T -phase gadgets which occur in Gn itself, we may substitute
the phase-gadgets of S with the inverses of all of the other phase-gadgets in Gn .

We describe this (and other such substitutions) as a “tactic”, in the sense that performing a substitution
of this sort for a specific set of phase gadgets is just one circuit transformation that one may apply as part
of a higher order algorithm (or “strategy”) for T -count reduction. Further below, we consider a heuristic
which uses the PHAGE A tactic as a subroutine.
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A simple example. Consider the following circuit, with a T -count of 8:

C =

π/4

π/4

π/4

−π/4

−π/4

−π/4 −π/4

π/4

(20a)

For n = 4, all T -phase gadgets on 1–3 qubits are usable for the PHAGE A tactic. As the gadget G4 has
T -count T4 +1 = 15, which is less than twice the number of T -phase gadgets in C above, we may apply
PHAGE A to this circuit to produce a circuit with a T -count of T4− 8 = 7 (shown below, using the
inverses of those gadgets of G4 which are absent from C above):

C ∼=

−π/4

π/4
π/4 −π/4 −π/4

−π/4
π/4 (20b)

3.4 A practical example of T -count reduction: the triply-controlled NOT

Here we give an example of T -count reduction using the PHAGE A tactic described above. The triply-
controlled NOT gate on four qubits (Tof3) can be constructed using one auxiliary qubit using three Toffoli
gates, which leads to the following expression in the ZX calculus:

1

2

3

4

5

H

π/4

π/4

π/4 −π/4

−π/4

−π/4

π/4

H

H

π/4

π/4

π/4 −π/4

−π/4

−π/4

π/4

H

H

π/4

π/4

π/4 −π/4

−π/4

−π/4

π/4

H

. (21a)

A few of the π/4-parity-phase operators can be gathered together, allowing us to simplify this to

1

2

3

4

5

H

π/2

π/2

π/4

−π/2

−π/4

−π/4

π/4

H

H

π/4

π/4

π/4 −π/4

−π/4

−π/4

π/4

H

H

π/4 −π/4

−π/4

π/4

H

. (21b)

This latter circuit has a T -count of 15, matching the outcome of using the methods presented in Ref. [10]
using PyZX and PyZX+TODD.
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To reduce the T -count further, we put the circuit into HXDXH form (as outlined in Section 3.1) and
look for opportunities to apply the PHAGE A tactic. We first substitute interior H gates on qubit 4 with
the gadget of Eqn. (11), as indicated below with dotted lined boxes. (Depending on the outcome of the
Y observable measurements — represented by green −π/2 projection nodes — we may need to perform
some classically-controlled π/2-phase parity operations. As these operations can be easily computed and
do not contribute to the T count, we suppose for the sake of brevity that these measurements yield the
result |0〉+ i |1〉, which will allow us to focus on the task of simplifying π/4-parity-phase operations.)

1

2

3

4

5

6

7

−π/2

−π/2

H

H

π/2

π/2

π/4

−π/2

−π/4

−π/4

π/4

π/2

π/4

π/4

π/4 −π/4

−π/4

−π/4

π/4

π/2

π/4 −π/4

−π/4

π/4

H

H
−π/2

−π/2

(21c)

We next commute the SWAP gates towards the beginning of the circuit, and collect T -phase operations
on common sets of qubits, to put the circuit into HXDXH form:

1

2

3

4

5

6

7

−π/2

−π/2

H

H

π/2

π/2
−π/2

−π/4

−π/4
π/4

π/2

π/4

π/4

π/4

π/4 −π/4

−π/4 −π/4
π/4

π/2

π/4

−π/4
−π/4

π/4

H

H
−π/2

−π/2

. (21d)

The dotted box contains the operations which act only on the lines {3,5,6,7}, including eight different
T -phase gadgets. As this is greater than b(T4 +1)/2c= 7, deploying the PHAGE A tactic (substituting
the gates in the dotted box for the above circuit, with those in the circuit below) yields a circuit with a
reduced T -count of 14:

1

2

3

4

5

6

7

−π/2

−π/2

H

H

π/2

π/2
−π/2

−π/4

−π/4
π/4

π/2

π/4

π/4

π/4
−π/4

−π/4

−π/4

π/4 π/2

π/4

−π/4
−π/4

π/4

H

H
−π/2

−π/2

. (21e)
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4 Discussion

4.1 General observations

It seems to us that the ZX calculus not only lends itself to analysis in terms of parity-phase operations,
but also leads directly to the idea of analysing T -count in terms of the parity-phase operations and phase
gadgets. This is particularly the case when considering circuit transformations such as those of Ref. [9]
which isolate a layer of diagonal operators by commuting CNOT gates past them.

It is not difficult to see how the proof that Dn
k is generated by the operators DS,k for S ⊆ [n] (see

Appendix A) may lead one to Fourier analysis as the appropriate tool with which to consider the problem
of optimising T count, or the corresponding generalisations to higher levels of the Clifford hierarchy. It
may be worthwhile to consider whether identities such as the spider’s nest identity of Eqn. (18) have any
fruitful connection to Fourier analysis.

Finally, much of our analysis clearly generalises beyond the case of reduction of T -count (as a mea-
sure of the complexity of a Dn

3 circuit), to simplifications of Dn
k circuits. We expect that simple gener-

alisations of Eqn. (18) would provide the opportunity to explore more general simplification of diagonal
circuits.

4.2 Ongoing work

This submission represents work in progress. In the results presented above:

• We demonstrate how representing circuits using parity-phase operations can lead directly to sim-
plifications which reduce T -count;

• We describe a programme of T -count reduction by the application of “PHAGE tactics”, which are
transformations which take advantage of an identity involving parity-phase operations;

• We describe a new identity of this sort, and demonstrate how using this as the basis of a PHAGE
tactic can allow us to easily obtain a T -count reduction for a practically important circuit, with
results comparable to the state of the art [9, 10].

In future work, we intend to describe an explicit heuristic for T -count reduction, by incorporating the
PHAGE A tactic into a procedure which attempts to discover situations in which it can be applied. The
following is a sketch of such an approach.

A heuristic to reduce T -count. To quickly locate ways in which we can use the PHAGE A tactic
to good effect, we must be able to find “dense” collections of usable T -phase gadgets. There are two
obstacles to this task:

• For an initial circuit C involving many CNOT gates, its HXDXH form may involve relatively few
T -gadgets on 3 or fewer qubits (instead having T -phase m-gadgets for moderately large m).

• The subsets on which we could in principle apply the PHAGE A tactic grows exponentially with
the number of qubits, in principle requiring exponential time to even determine if any opportunities
exist at all to apply PHAGE A.

These concerns motivate using the spider’s nest identity of Eqn. (18). Any collection of phase m-gadgets
which are not essentially independent of one another must have some significant overlap: this motivates
measuring the density of T -phase gadgets at each qubit q — which we define by

d(q) := ∑
k>1

#(T -phase k-gadgets which act on q)
k

. (22)
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We also define d3(q), the 3-max density (of T -phase gadgets), which is the same sum but for 1 6 k 6 3.
It is easy to show that d3(q) 6

( 1
18 + O(1/n)

)
· n3; on any qubit or collection of qubits where d(q)

significantly exceeds this bound, there must be several T -phase m-gadgets for m > 3, and it may be
helpful to apply Eqn. (18) to decompose these into gadgets on at most 3 qubits. Having ensured that the
circuit does not have an obvious excess of large T -gadgets, we may then attempt to apply PHAGE A on
any large collections of “usable” gadgets that we can find on subsystems of different sizes. Such sets of
gadgets will usually consist mostly of 3-gadgets, as Tn =

1
6 n3±O(n2). The following Lemma follows

easily by comparing 1
2(Tn +1) to the maximum number of usable T -gadgets for each value of n:

Lemma 1. Let S be a set of T -phase gadgets, each of which acts on 1, 2, or 3 qubits out of a set of n > 5
qubits. If |S|> 1

2(Tn +1), the number of 3-gadgets in S must be at least T′n, where
T′n := 1

12(n
3−6n2−n+6), for n≡ 0 (mod 4);

T′n := 1
12(n

3−3n2−4n+6), for n≡ 1 (mod 4);

T′n := 1
12(n

3−6n2+5n+6), for n≡ 2 (mod 4);

T′n := 1
12(n

3−3n2+2n+6), for n≡ 3 (mod 4).
(23)

This suggests a strategy along the following lines:

1. Compute the 3-density, 2-density, and 1-density of T -phase gadgets acting on each qubit (i.e., the
k ∈ {1,2,3} terms of Eqn. (22)). Determine the largest integer N > 5, such that the sum of the N
largest 3-densities is at least T′N . (If no N > 5 satisfies this, then let N = 4.)

2. For each k ∈ {4,5, . . . ,N}, compute the score for each qubit as the sum of the densities of those
m-gadgets (for 1 6 m 6 3) which are useful.

3. Again for each k, rank each qubit in order of descending score, and compute r(k) to be the “lowest”
rank such that the sum of the scores of the qubits ranked {1, r(k)−k+2, r(k)−k+3, . . . , r(k)} is at
least 1

2(Tk +1). Then, let M(k) be the sum of the scores of the qubits ranked from 1 to r(k), so that
M(k) is proportional to the average total score of a uniformly random subset of these qubits.

4. Let M := ∑16k6N M(k), and repeat the following poly(n) times:
a. Randomly select an integer 46 k6N, with probability distribution governed by p(k)=M(k)/M.
b. Attempt to find one or more as-yet undiscovered subset of size k, from the r(k)-highest ranking

qubits (according to their scores for k), which is acted on by more than Tk +1 usable T -gadgets.
We may attempt to do so, e.g., by a breadth-first search in the hypergraph of usable T -gadgets
from a randomly selected edge.

c. If successful in finding such a set, compute the value of this set, as the difference of the number
of usable T -gadgets and (Tk +1).

5. If any set with positive value was found, perform the PHASE A tactic on the set with the largest
value, and simplify the circuit by collecting together phase gadgets on equal sets of qubits.

This strategy can be made to run in polynomial time, and can itself be repeated a number of times,
potentially creating new opportunities to apply the PHASE A tactic when a substitution is performed.
We intend to perform numerical experiments on a number of benchmark circuits to test the efficacy of
such a procedure, comparing it to the state of the art in T -count reduction [9, 10].
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A Parity-phase operators as generators of Dn
k

We show in this Section that, together with arbitrary global phases, the operators DS,k = exp(− iπ
2k ZS) for

S⊆ [n] generate the group Dn
k .

Let M n
1 = Pn, and for k > 2, let M n

k consist of all products of elements of Dn
k with products of

CNOT and X on various qubits. As Dn
k is preserved under conjugation by CNOT and X operations, it is

easy to show that M n
k forms a group for each k, and that in particular that operators in M n

k decompose
as a product UDUX for UD ∈Dn

k and UX a circuit of CNOT and X gates.

Lemma 2. For k > 2 an integer, Dn
k ⊆M n

k ⊆ C n
k .

Proof. For k = 2, elements of M n
k are Clifford circuits by construction. For k > 2, consider U =UXUD ∈

M n
k , where UX is a product of CNOT and X gates, and UD ∈ Dn

k . Then for any P ∈Pn, we have
UPU† =UDUX PU†

XU†
D =UDQU†

D, for Q =UX PU†
X ∈Pn. As UDQU†

D ∈ C n
k−1 , the Lemma follows.

Lemma 3. For integers n,k > 1 and S⊆ [n], DS,k ∈Dn
k .

Proof. Note that DS,1 = −iZs1 ⊗ ·· ·⊗Zsm = −iZS ∈Pn = C n
1 for any S ⊆ [n]. Also, by definition we

have DS,k−1 = D 2
S,k+1 for any k > 2. By decomposing any Pauli operator P∈Pn into a product P ∝ XAZB

for sets A,B⊆ [n], it is easy to see that DS,k ∈Dn
k : we have

DS,k PD−1
S,k = exp

(
− iπ

2k ZS
)

XA ZB exp
( iπ

2k ZS
)
= exp

(
− iπ

2k ZS
)

exp
(

iπ
2k XA ZS X†

A

)
XA ZB

= exp
(
− iπ

2k ZS
)

exp
(
(−1)x(S)·x(A) iπ

2k ZS

)
XA ZB

=

{
XA ZB, if x(S) · x(A) = 0,
exp
(
−2πi

2k ZS
)

XA ZB, if x(S) · x(A) = 1;
(24)

in either case, DS,k PD−1
S,k ∈M n

k−1 ⊆ C n
k−1 . Then DS,k ∈ C n

k , and is therefore an element of Dn
k .

Lemma 4. For any n,k > 1, any V ∈Dn
k is proportional to a product of operators DS,k for S⊆ [n].

Proof. Consider a decomposition of V into a product of operators V = ∏zVz for z ranging over {0,1}n,
where 〈z|Vz |z〉 = 〈z|V |z〉 = exp(iθz) and where 〈y|Vz |y〉 = 1 for all y 6= z. We may then express the
operator Vz as an exponential of a rank-1 projector on n qubits:

Vz = exp
(
iθz
(
|z1〉〈z1|⊗ · · ·⊗ |zn〉〈zn|

))
= exp

( iθz

2n

[
(1+(−1)z1Z)⊗·· ·⊗(1+(−1)znZ)

])
= ∏

S⊆[n]
exp
( iθz

2n

⊗
j∈S

(−1)z j Z j

)
= exp

(
∑

S⊆[n]

i(−1)z ·x(S)θz

2n ZS

)
. (25)

Taking the product over z ∈ {0,1}n, we then have

V = ∏
z∈{0,1}n

Vz = exp
(

∑
S⊆[n]

iθ̂S ZS

)
, (26)
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where θ̂S = ∑ z (−1)z ·x(S)θz/2n for the sake of brevity. For j ∈ [n], consider the effect of conjugation of
X j by V : we have

VXjV † = exp
(

∑
S⊆[n]

iθ̂SZS

)
exp
(

∑
S′⊆[n]

iθ̂S′XjZS′X
†
j

)
X j

= exp
(

∑
S⊆[n]

iθ̂S
[
ZS +XjZSX†

j

])
X j = exp

(
∑

S⊆[n]
j∈S

2iθ̂SZS

)
Xj =: U[ j]Xj . (27)

It follows that U[ j] ∈Dn
k−1, and that U2k–2

[ j] is a Pauli operator. That is, the operator

U2k–2

[ j] = exp
(

∑
S⊆[n]

j∈S

2k−1iθ̂SZS

)
= ∏

S⊆[n]
j∈S

(
cos
(
2k−1

θ̂S
)
1+isin

(
2k−1

θ̂S
)
ZS

)
(28)

is a tensor product of Z operations. By the linear independence of the operators ZS, it follows that every
factor exp(2k−1iθ̂SZS) is either 1or ZS, for j ∈ S. As this result holds for all j, we obtain the same result
for every non-empty set S. This implies that 2k−1θ̂S ∈ π

2Z for all S 6=∅, or equivalently that θ̂S = msπ/2k

for some m ∈ Z. It follows that exp(iθ̂SZS) = D−mS
S,k , so that V ∝ ∏S

D−mS
S,k for S ranging over non-empty

subsets of [n].
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B Proof of gadget decomposition

Here we provide a proof of Eqn. (18). We express this as a proof by induction or the proportionality
(i.e., the equality of the denotational semantics of ZX-diagrams) of a T -phase n-gadget for n > 4 on one
side, and a collection of 3-, 2-, and 1-gadgets as in Eqn. (18) on the other. Below we use the notations
τ := π

4 , ι :=−π

4 ,+ := π

2 ,− :=−π

2 .
We prove (18) by induction on n, but we need to assume that this equality holds for n = 4, the same

way as it was taken as a rule in [2]. This means, we have

=

π

4
τ

ι

ι

τ

ι

ι

τ

τ

τ

ι

ι

τ

τ

τ

(29)

where τ := π

4 , ι := −π

4 . Suppose (18) holds for n = m,m ≥ 4. Let σm = (m−2)(m−3)π
8 ,θm = − (m−3)π

4 .
Then for n = m+1, we have

m+1
m

= ... π

4

=
π

4
...

...

...

π

4

...

σm

θm
σm

σm

θm θm

m+1

i

1

2

θm

2

...

θm

π

4
i

1

=

m+1

θm

σm

...
σm

σm

In the last diagram above, we substitute every 4-gadget with the RHS of (29), and fuse together all the
phase gadgets that dwell on the same lines. We assert that the resulted diagram after fusion is exactly
the decomposition as presented on the RHS of (18) when n = m+1. This can be checked by calculating
the phase angles of all gadget. For the 1-gadget on line 1, it comes from fusing all the 1-gadgets on
line 1 which are obtained from the decomposition of all 4-gadgets connected with line. There are

(m
2

)
such 4-gadgets, so the angle of the final 1-gadget on line 1 is

(m
2

)
π

4 = (m−1)(m−2)π
8 = σm+1. For the final

2-gadget on line 1 and line 2, the phase angle is σm +
(m−1

2

)−π

4 = − (m−2)π
4 = θm+1. Similarly, one can

check that the 1-gadget on each line has phase angle σm+1, 2-gadget on every two lines has phase angle
θm+1, and 3-gadget on every three lines has phase angle π

4 .
Therefore, (18) holds for n = m+1. This completes the proof.
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