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With the wide range of quantum programming languages on offer now, efficient program verification
and type checking for these languages presents a challenge — especially when classical debugging
techniques may affect the states in a quantum program. In this work, we make progress towards a
program verification approach using the formalism of operational quantum mechanics and resource
theories. We present a logical framework that captures two mathematical approaches to resource
theory based on monoids (algebraic) and monoidal categories (categorical). We develop the syntax
of this framework as an intuitionistic sequent calculus, and prove soundness and completeness of an
algebraic and categorical semantics that recover these approaches. We also provide a cut-elimination
theorem, normal form, and analogue of Lambek’s lifting theorem for polynomial systems over the
logics. Using these approaches along with the Curry-Howard-Lambek correspondence for programs,
proofs and categories, this work lays the mathematical groundwork for a type checker for some
resource theory based frameworks, with the possibility of extending it other quantum programming
languages.

(The full version of this paper is also available at arXiv: 1812.08726)

In recent years we have seen an increasing number of practical quantum programming languages, from
the high-level ones like Quipper [1]] and QWIRE [2] to those that are hardware/simulator specific like Q#
[3], Quil [4] and QISK:it [S]]. These afford users the ability to implement ever larger quantum circuits, at
which point the question of checking that such quantum programs behave as intended takes prominence.
One of the challenges is that, unlike classical programs, if a debugger observes the system state during
program execution, it could cause the quantum state to destroyed. Moreover, characterizing the state of
a quantum register is generally intractable for all but the smallest programs. The other option is to verify
the program by ascertaining its correctness in a formal model. For instance QWIRE uses density matrix
and circuit formalisms [|6] to verify a program, but this leads to similar scalability issues. In this work
we do not attempt to provide methods for full program verification, but focus on the more limited task of
type checking.

Our approach uses the formalism of operational quantum mechanics via the framework of categorical
quantum mechanics [7]. As the name suggest, categorical quantum mechanics, introduced by Abramsky
and Coecke [[7], views quantum mechanics through the lens of category theory. Specifically, it is modeled
as a theory of systems, processes and their interactions i.e. as a resource theory. Further, the processes
are partitioned into being free or resource conversions and objects could either be free objects or resource
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states. The resourcefulness of a state is characterized by the monotones of a partial order applied to the
states.

Example 1 (Bipartite entanglement as a resource). Two spatially separated parties, Alice and Bob,
have access to local quantum computation on their respective systems together with arbitrary classical
communication (LOCC), see for instance [[8]. The expensive resource in this case is their use of bipartite
entanglement while performing any task. The resource theory is then defined with: (i) separable states
being free; (ii) entangled states being the resource states; (iii)) LOCC operations are the free processes;
(iv) the entropy of the reduced density matrix on Alice’s (or Bob’s) qubit represents the partial order and
monotones applied to the states. A

Beyond resource theory, the “categorification” of quantum foundations [9-11]], semantics [[12H15]],
protocols [7,|16]], and computation [[17,(18]] has led to quantum information being treated as a form of
generalized probability theory [[19]. From this perspective graphical languages for quantum computation
[[15,20] have arisen where the monoidal category [21]] forms the centerpiece. An intriguing aspect of this
framework is its flexibility for designing programs and proofs. For example, a diagrammatic approach
was recently used to show the self-testing property of a multipartite quantum state [22]].

As a resource theory, categorical quantum mechanics can be structurally defined in terms of sym-
metric monoidal categorie{] (SMO) [21]. To validate a program at the level of its types, there are two
broad tasks to be accomplished: (i) check that the processes used take in the correct types/resources and
all type conversions are valid; (ii) ensure that the processes are composed in a way that respects the rules
of a monoidal category.

Example 2 (Bipartite entanglement as a type theory). In the resource theory LOCC, separated parties
Alice and Bob have arbitrary local quantum operations and arbitrary classical communication. These lead
to fundamental typesE] Q4, Qp, and C representing a qubit collocated with Alice, a qubit collocated with
Bob, and a classical bit (as LOCC allows arbitrary classical communication, any classical information
can be considered shared by the two parties). Note that qubits of type Q4 cannot be cast to type Qp as
quantum communication is not free. Resourceful states also become fundamental types. For example
type E, representing two maximally entangled qubits, is a different type than Q4 ® Qp as states of this
latter type are free. In fact, we could consider E as one in a type class parametrized by an entanglement
measure (i.e. a resource monotone in LOCC). A

Resource-based reasoning is not new, the most popular being separation logic/bunched implica-
tions [23,24] and linear logic/geometry of interactions [25,[26]]. In computer science, the former has
been used extensively for concurrence [[27]] while the later has proven more popular in quantum informa-
tion [28]. Quantum thermodynamics has a long history as a resource theory, see for example [29-31].
Similarly, many ideas from quantum foundations have been recast as resource theories including pu-
rity [32]], entanglement [33][34]], coherence [35,36]], contextuality [[37,38]], and nonlocality [39,40]. Foun-
dational works on quantum information as a general resource theory such as [41}/42] have led to mathe-
matical frameworks for abstract resource theories as monoids [43]] or as monoidal categories [44,/45].

' A symmetric monoidal category is one equipped with a symmetric bifunctor that is associative upto a natural transformation
and an object / that is both a left and right identity for the bifunctor.

ZFor simplicity we will take bits and qubits; types corresponding to arbitrary classical or quantum systems can equally be
considered.
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In this work, we present a type theory for program verification by building the minimal logical
fragment that captures axiomatic resource theories. We refer to this logic as T for tensor, which contains
only a nullary tautology 1 and a multiplicative conjunction ®. The term “multiplicative” refers to the
position of T within linear logic or the logic of bunched implications. Opposed to this are “additive”
logics, where propositions represent properties rather than resources; these are better suited for classical
systems. We feel this is justified as taking, for instance, the whole of linear logic would suppose structures
of our resource theory that need not exist. Namely, a sound categorical semantics for a linear logic
necessarily forms a *-autonomous category [46], while a general resource theory does not suppose any
form of duality or adjunctions. We do not even propose an implication in T, which would recover
closed categories in our semantics. Rather we follow a stricter Curry—Howard-Lambe]ﬂ correspondence:
objects correspond to terms while morphisms correspond to proofs in our logic. This is our first step
towards developing strong quantum type checkers for quantum programming languages using categorical
quantum mechanics.

Defining the deductive system. We consider a deductive system T comprised only of a multiplicative
conjunction ® as a connective. Intuitively, this connective is analogous to the tensor product in a sym-
metric monoidal category. We formally develop the syntax of this logi(ﬂ as an intuitionistic logic using
sequent calculus as given in Table |1} Here, the alphabets A, B,C denote terms and the greek alphabets
I',A,® denote sequents i.e. a (possibly infinite) multi-set of terms. The various transformations that
define the equivalence classes for the proofs in this logic are also described. To show that this logic is
consistent we show a cut-elimination theorem [47]] for system T.

Result 1. [fT'+ A has a proofin T, then it has a proof in T that does not use the Cut rule.

One consequence of this is that we can show that every proof reduces to a normal form in a finite number
of steps and hence, T is decidable.

Polynomial Systems. A critical feature of resource theories is the ability to deem some resources as
free. There is no natural mechanism to express this in T, and so we introduce polynomial systems in the
spirit of [48]]. This formalism splits free resources into two types: freely available or freely disposable.
Logically, this translates to a term that can be arbitrarily added to the consequent or antecedent respec-
tively of any proof statementﬂ ' A. A free resource in the usual sense has both properties. Formally,
X is freely available in the system T[X], whose has the deduction rules of T with the additional rule - X.

3The Curry-Howard-Lambek correspondence highlights the relationship between computer programs, mathematical proofs
and category theory.

4Notice that this system is a fragment of Multiplicative Intuitionistic Linear Logic [25].

SIn this notation, " is the consequent and A is the antecedent of this statement.

. [F-B _ABOFA _ LAFA
PP AT,0FA Y T LAFA T

rABAFC LFA AFB | R1

T[LA®B,AFC [LAFA®B -1

Table 1: Deduction rules of System T
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Dually, X is freely disposable in the system T[X], which we obtain by imposing the additional rule X F 1
to those of T. We prove that the theorems of these polynomial systems are closely related to those of T
via analogues of Lambek’s lifting theorems of [48]].

Result 2. There exists a proof of T' = A in T[X] if and only if for some m > 0 there exists a proof of
[,X%" - Ain T. Similarly, there exists a proof of I' = A in T[X] if and only if for some n > 0 there exists
aproof of TFA®X®" in T.

Tracking resource conversions can also be incorporated into our polynomial system. For example, if
2 copies of resource A get converted to 3 copies of resource B, then its corresponding logic system would
be T[A®A F B® B® B, which is defined as the rules of T with the desired conversion A®AFB®B® B
added.

Example 3 (Bipartite entanglement as a logic) For the LOCC and entanglement scenario, we pose atomic
propositions Q4 for Alice’s qubit type, Op for Bob’s qubit type, and C for a classical bit type which, as
argued above, may be considered shared between Alice and Bob. Again we simply add an additional
atomic proposition E for the type of a maximally entangled state shared by Alice and Bob. Needless to
say, this toy model is insufficient to capture the full power of LOCC. Nonetheless we can capture simple
quantum protocols; for example the type of the quantum teleportation circuit is represented logically as
E ® Q4 - QOp. This is obtained by composing Alice’s measurement £ ® Q4 F C ® C ® Qp with Bob’s
correction C ® C ® Op F Op using the cut rule.

As classical information may be freely created or destroyed - C and C - 1 are theorems of this logic.
Similarly local measurements are free in LOCC and thus Q4 - C and Qp - C are theorems (and so by the
cut rule so also are Q4 - 1 and Qp - 1). In dealing with E there are some options. We could form a logic
where E - Q4 ® Qp is a theorem; in such a system entanglement is disposable in the technical sense
given above. Namely any protocol requiring Q4 and Qp can be run with E instead, and any protocol
producing E and be transformed into one producing Q4 ® Qp. This logic is expressed by the system
T(C,C, 08,05, E - 04 © 4. A

We provide two general notions of semantics for the logic.

1) Algebraic Semantics. The algebraic semantics of a logic involves mapping each term into an al-
gebraic structure so that the connectives of the logic are realized by the operations of the algebra. A
proof of an inference in the logic then corresponds to a relation between elements in the algebra. By
associating a valuation function on the model, we can check the satisfaction of a logical formula using
this model. The algebraic model .# for system T is defined on a commutative ordered monoicﬂ M along
with a valuation function v : ® — M which takes each term in the logic to an element of the monoid. In-
tuitively, this valuation is meant to encode the resources associated to the term. We use a forcing relation
where m |- A (read, m € M forces A € T) implies that instances of type referred to by proposition A have
sufficient resources required to instantiate m. This forcing relation respects the ® connective that defines
system T with the following rule: m - A® B < Jnj,ny € M with m = n; -ny and n; I- A and ny I- B.
This relation helps define the semantic entailment over a requirement I" =, A and prove the soundness
and completeness of the algebraic semantics of T.

Result 3. I'F A in T if and only if T I, A over all m € M over all models ./ .

6The binary monoid operation - is commutative, associative and satisfies a monoid order < s.t. if » < s and x <y then,
r-x<s-y.
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Here we interpret I" I, A to mean the following: if I infers A in system T and has sufficient resources
to instantiate m then, A also has sufficient resources to instantiate m. Note that by developing semantics
through ordered monoids we recover the formalism of [43]].

2) Categorical Semantics. Given a language, it is possible to construct a syntactic category where
the objects are the types in the language, the morphisms are the functions defined between the various
types that satisfy the relations that can be proven in the language. The syntactic category provided
by T is a symmetric monoidal category C. Every term in T becomes an object of C. Each proof of an
inference IT: A - B becomes a morphism [I1] € Hom(A,B). The cut rule is used to define the composition
of morphisms. The logical connective ® becomes the symmetric bifunctor X where [IT;] X [IT,] is
given by combining proofs IT; and I, using the R-® and L-® rules. The bifunctor X and its natural
transformations satisfy certain commutative diagrams that induce an equivalence relation on the logical
proofs: IT ~ IT" when [I1;]] = [I1]. Using transformations that maintain the equivalence of inferences,
we show the following.

Result 4. The categorical model C for system T, constructed as described above, satisfies the hexagon,
pentangon and triangle rulesﬂ and hence, can be characterized as a symmetric monoidal category.

Note that this recovers the formalism of [44]].

Related Work & Future Directions. A notion of the Curry-Howard-Lambek correspondence for quan-
tum logic has significant literature; the most relevant constructions for our work focuses on the dagger-
closed categories [49] and the quantum typed A-calculus developed by Selinger and Valiron [28] (QA).
The latter is a quantum analogue of Lambek’s A-calculus for classical computing. While the more com-
plicated categorical semantics and the strongly typed quantum A-calculus translate to a more expressive
logic and get closer to the complete power of Linear Logic, implementing type checkers for them also
seems like a bigger challenge [|50]].

On the side of practically available model checkers, QWIRE [2] is embedded into the proof assistant
Coq and is enhanced with density operator denotational semantics that works well for small circuits.
QPMC [51] is a model checker using density operator and quantum channel denotational semantics that
has been used for some Quipper programs [52]. Proto-quipper [53}[54]] tries to bridge the theoretical-
practical gap in quantum type theory by formalizing some aspects of Quipper and builds on categorical
semantics being closest to our approach.

In contrast, our approach takes the simplest possible logic that can still captures non-trivial aspects of
resource theories and study its capability with the hope of extending the type theory to more expressive
logics with more functionality in the future. To that end, our treatment of polynomial systems with
respect to system T is the first approach of its kind in works pertaining to such logics. In ongoing work,
we are working to identify if these polynomial systems correspond to an algebraic semantics that possess
both completeness and soundness. Moreover, when fully implemented, polynomial systems would allow
for a richer and possibly more flexible type theory than one that recognizes only bits and qubits as most
of the languages currently do.

For future work, in one direction, we aim to build a practical type checking tool with strong theoret-
ical foundations that could also be independently incorporated into the hardware-specific languages. In

"These are the commutative diagrams that characterize the behaviour of symmetric monoidal categories [21]].
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another direction, we would like to understand how to enrich the logic to add classica control impera-
tives like if-then-else which system T cannot express.
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