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Notions of classicality

@ Bell locality. Applies to separate measurements over
noncommunicating systems.

@ Spekkens generalized noncontextuality.

"operationally indistinguishable experimental procedures
should be represented by the same object in the model.”



No-cloning in noncontextual models

Noncontextual models for fragments of quantum theory
admitting a no-cloning theorem:

o ERL mechanics, by Bartlett et al.!
o Spekkens’ toy theory?.

1Stcphcn D Bartlett, Terry Rudolph, and Robert W Spekkens. “Reconstruction of Gaussian quantum mechanics
from Liouville mechanics with an epistemic restriction”. In: Physical Review A 86.1 (2012), p. 012103.

2Robert W Spekkens. “Evidence for the epistemic view of quantum states: A toy theory”. In: Physical Review A
75.3 (2007), p. 032110.
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No-cloning in noncontextual models

Noncontextual models for fragments of quantum theory
admitting a no-cloning theorem:

o ERL mechanics, by Bartlett et al.!
o Spekkens’ toy theory?.

Nonorthogonal quantum states correspond to overlapping
probability distributions and these cannot be cloned. J

So, we wonder:
is there any aspect of the phenomelogy of quantum state-
cloning which cannot be explained by noncontextual mod-
els?

1Sfcphcn D Bartlett, Terry Rudolph, and Robert W Spekkens. “Reconstruction of Gaussian quantum mechanics
from Liouville mechanics with an epistemic restriction”. In: Physical Review A 86.1 (2012), p. 012103.

2Robert W Spekkens. “Evidence for the epistemic view of quantum states: A toy theory”. In: Physical Review A
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Main result y outline of the talk

Theorem (Informal)

The value of Fy(cqp) predicted by noncontextual models is below
FgQ’Opt(cab) forall 0 < cqp < 1. In other words, contextuality
provides an advantage for the task of imperfect cloning.

Talk’s Outline:
@ Generalized noncontextuality.
@ Operational description of the cloning experiment.

@ Noncontextual bound for state-dependent cloning (main
result). Proof idea and tightness.

© Noise-robust version of the bound.

@ Conclusion and outlook.
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Ontological models for operational theories

Element QT Ontological models
Ontic space A
. Density pp: A —[0,1]
Preparations P Operators up(\) >0 YA
p Jdup(N) =1
POVMs Eepr(N) = A — [0, 1]
Measurements M
{Ev} 2ok Sk (A) = 1VA
CPTP FT : Am X Aout — [O, 1]
Transformations T mzps i) Aous dAoIr(Niy o) =1 VN
p(k|M, P.T) Tr(E(p)) | J dN A& ()T (A, A )pp ()




Preparation noncontextuality

We say that two preparations P; and P, are operationally
equivalent (denoted P, ~ P») iff p(k|M, P;) = p(k|M, P,) for all
kand M.



Preparation noncontextuality

We say that two preparations P; and P» are operationally

equivalent (denoted P ~ P) iff p(k|M, P1) = p(k|M, P») for all
k and M.

We say that an ontological model is preparation noncontextual* iff

Py~ Py = pup(A) = ppy(\) VA

4Robert W Spekkens. “Contextuality for preparations, transformations, and unsharp measurements”. In: Physical
Review A 71.5 (2005), p. 052108.
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Cloning in operational terms

_8 Maa/bb
ua,bm I

Ioner

T(}"l}‘) aa/bb(xl}"
@ Preparations P @ Test measurements M
o Inputs: P, and P,. p(s|Pa, M.) =

e Outputs: P, and Pg.

o Ideal clones: P,, and @ Define csy := p(s|Ms, P.).

Py,

o Note that F, ;= Seee e

e Complementary preparations P, .
p(s|Psr, Ms) =0 s € {a,b, @, 3, aa, bb},

1 1
—P. —P. ~
gt T gtk

%PS/ + %PS/L (s,8") € {(a,b), (aa, bb), (o, aa), (B,bb)}.

s € {a,b,a, B,aa,bb}.



Operational description of state-dependent cloning

@ Preparations P @ Test measurements M

o Inputs: P, and P, p(s|Ps, Ms) =1 s € {a,b,a,pB,aa,bb}.

e Outputs: P, and Pg.
o Ideal clones: P,, and @ Define csy := p(s| My, P.).

Pop- e Note that I, := 76“‘”;%“’
e Complementary preparations P,
p(S|P5J-?MS) :0 SG{a,b,a,,B,aa,bb},

1 1 1 1 ,
QPS + §_PSL ~ §Ps/ + ipsl (s,s") € {(a,b), (aa,bdb), (e, aa),(B,bb)}.

In quantum mechanics:
@ P, <+ |a)and P, < |b).
@ P, <+ |at) and P,1 + |at) with
lat), |bL) € span{|a), |b)} and<a‘aL>:<b’bl>= 0.
® M, < {la)(al I — |a)(al} and M < {[b){b] , T — [b)(b[}.




Main result
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Noncontextual bound on state-dependent cloning

Theorem

In any noncontextual ontological model satisfying for all (s, s') in
{(a,0), (aa,bb), (o, aa), (B, bb) }
Q@ ip,+iP.~LiP,+1iP,,,
9 p(Mk|Pk) = 1, p(Mk|PkJ_) = 0, k= S, s’
we have that
Cab Caa,bb

Fy<F)C:= -+

Proof ingredients:

o Lemma: ||, — pp|| = 2(1 — ¢4p) for models satisfying the
Thm.’s hypothesis.



Noncontextual bound on state-dependent cloning

Theorem

In any noncontextual ontological model satisfying for all (s, s') in
{(a,0), (aa,bb), (o, aa), (B, bb) }
Q@ ip,+iP.~LiP,+1iP,,,
Q@ p(Mi|Py) =1, p(Mg|Ppr) =0, k=s,s"
we have that
Cab Caa,bb

Fy <Fp©i= 1- 24+

Proof ingredients:
o Lemma: ||, — pp|| = 2(1 — ¢4p) for models satisfying the
Thm.’s hypothesis.
@ || - || nonincreasing under stochastic maps and triangle
inequality.



Quantum vs noncontextual cloning fidelities
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15



Tightness

A noncontextual model achieving the upper bound:
© Denote with S = supp(us).
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Tightness

A noncontextual model achieving the upper bound:
© Denote with S = supp(us).
@ Let pgs = pusps and E5(A) = 1if A € S and 0 otherwise.
@ Consider the following cloning transformation:

o If the input A is in S,\5, output (A, \') with X" sampled
from pi,; otherwise, output (A, ') with X’ sampled from .

© Note that ug = 1 and, hence, cg, = 1.

@ On the other hand, o (A, N) = pa(N)pa(N) for A € S;\S,
and i (A, X) = pa (N pup(N') for A € S, N Sp.

O Finally,

1 1
Fy = E[Caaa + CBbb] = 5[1 — Cqp + Czb] + 5 = F;VC-

16



Noise-robustness
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Noise-robust noncontextual bound on

state-dependent cloning

Theorem

In any noncontextual ontological model satisfying for all (s, s') in

{(a,b), (aa, bb), (@, aa), (B,bb)}
Q@ P+iPL~iP, 1P,

Q p(Mi|Py) 21 —¢, p(Mi|Pyr) <

we have that

Fy<FNC.— 1-"2by

2

e, k=s,5.

Caa,bb

/

+ 8¢
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Noise-robust noncontextual bound on
state-dependent cloning

Theorem

In any noncontextual ontological model satisfying for all (s, s') in

{(a,b), (aa, bb), (o, aa), (ﬁ,bb)}

Q@ P+ 3P ~3iPs+ 3P,

Q p(Mi|P) >1—¢, p(Mi|P,)<e k=s,5.
we have that

F<FNC 1—%—1—%—1—86

Moreover, if, additionally, ¢y = cy s for all (s,s") in
{(a,b), (aa, bd), (o, aa), (8, bb)} then

B 0= 12 =08 o

18



Tolerance to depolarizing noise

Consider the ideal quantum preparations, measurements and
unitary transformation thwarted by a depolarizing channel N,

No(p) = (1 =) p+o/4.
0.020

0.015

> 0.010

0.005

0.00
8.0 0.2 0.4 0.6 0.8 1.0

Cah
Figure: Max value of v for which there is a quantum violation of the
NC bound as a function of ¢, (with and without the ¢, = ¢pq
assumption).
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General relation between /; distance and confusability

in NC models

Main ingredient in the proof of the noise-robust noncontextual
bound:

Lemma

Let Ps, Py be preparations. Suppose there exists preparations P, .,
P, and a two outcome measurement M such that

Q@ P +iP. ~1iP/+1iP,.,
Q p(My|Py)>1—¢ p(Mg|Pr)<e k=s,5s.
Then, in a noncontextual ontological model,

2(1 — css) — 86 < s — psr || < 2(1 — cs5) + 8e.
Moreover, if ¢ = cg5, then

2(1 - CSS') —2e< “:U's - Ms’“ < 2(1 - Css’) + 2e.

20



Conclusions and outlook

@ We have shown that contextuality provides a quantum
advantage for the task of state-dependent cloning.

arXiv:1905.08291
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advantage for the task of state-dependent cloning.

@ Moreover, we have provided a noise-robust inequality
which, for sufficiently low levels of noise (albeit within
reach of current experiments) is violated by quantum
mechanics.

@ We anticipate the lemma to be useful for proving other
contextual advantages.

e For instance, it already provides an alternative proofs of the
result from® (proven there via Fourier-Motzkin
elimination).

@ Future research: extend the results to universal and/or
phase-covariant cloning and to probabilistic cloning.

arXiv:1905.08291
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8.1 (2018), p. 011015.




