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Embedded quantum languages

quantum
embedded
language

classical
host language

• Quantum data: qubits, unitaries,
measurement

• gate model

• Classical control: host abstractions
(functions, recursion, types), tools
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Reasoning about standalone quantum languages

• Denotational semantics
• QPL [Selinger, 2004], Proto-Quipper-M [Rios and Selinger,

2018]

• Program logics
• Ying [2011], Unruh [2019]

• Equational semantics
• ZX calculus [Coecke and Duncan, 2011], algebraic

effects [Staton, 2015]
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Reasoning about embedded quantum languages

Qwire

Coq
• Host language as logical framework

• Qwire in Coq [Rand et al., 2017]

• Denotational semantics
• Density matrices [Paykin et al., 2017]
• Enriched category theory [Rennela

and Staton, 2018]

• Equational theory?
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Homotopy type theory (HoTT): a type theory of equality

Quantum/
Non-Quantum

(QNQ)

Homotopy
Type Theory

(HoTT)

• Equality type: a = b
• where a, b : α

• Proofs p : a = b called paths

a b
p

• Constructor: 1a : a = a
a 1a

• Path induction:
• to show ∀(p : a = b). H(p),
• suffices to show ∀a. H(1a).

• Not all paths are equal to 1a. . .
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Higher Inductive Type (HIT)

Definition
The quotient of a type α by a relation R : α → α → Prop is a type
α/R with data constructor:

a : α

[a]R : α/R

...

and path constructor:

a, b : α p : R(a, b)
[p] : [a]R = [b]R

Note
p : R(a, a) does not imply [p] = 1a
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Idea: Represent unitaries as paths

• Higher Inductive Types (HITs) use paths to encode
equivalence relations or groupoids.

• Groupoid: category where all morphisms are invertible

f : G(α, β)
[f] : [α] = [β]

• Path induction still holds of HITs:
• Prove theorems with base case 1a : a = a.
• Simplify proofs about groupoids

• Unitary transformations form a groupoid.
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Quantum/non-quantum calculus [Paykin, 2018]

Quantum/
Non-Quantum

(QNQ)

Homotopy
Type Theory

(HoTT)
• Host terms a : α

• Embedded quantum expressions
e : QExp σ
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Quantum operators

b : Bool
|b⟩ : QExp Qubit

init

e : QExp Qubit f : Bool → QExp τ

e >! f : QExp τ
measure
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Idea: Represent unitaries as paths

• UMatrix(α, β): unitary matrices of dimension |α| × |β|.
• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit
• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 25



Idea: Represent unitaries as paths
• UMatrix(α, β): unitary matrices of dimension |α| × |β|.

• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit
• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 26



Idea: Represent unitaries as paths
• UMatrix(α, β): unitary matrices of dimension |α| × |β|.

• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit
• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 27



Idea: Represent unitaries as paths
• UMatrix(α, β): unitary matrices of dimension |α| × |β|.

• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit
• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 28



Idea: Represent unitaries as paths
• UMatrix(α, β): unitary matrices of dimension |α| × |β|.

• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit
• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 29



Idea: Represent unitaries as paths
• UMatrix(α, β): unitary matrices of dimension |α| × |β|.

• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit

• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 30



Idea: Represent unitaries as paths
• UMatrix(α, β): unitary matrices of dimension |α| × |β|.

• α, β : FinType are finite types
• Because unitaries are square, |α| = |β|.

• Quantum types: QType = FinType/UMatrix.
• Qubit = [Bool]UMatrix

• Unitaries are paths:

U : UMatrix(α, β)
[U] : [α] = [β]

• H =

(
1√
2

1√
2

1√
2

−1√
2

)
, X = ( 0 1

1 0 )

• [H] : Qubit = Qubit, [X] : Qubit = Qubit
• [H] ̸= [X] ̸= 1Qubit

© 2019 Galois, Inc. 31



HoTT QNQ calculus

σ ∈ QType = FinType/UMatrix

e := x | let x := e in e′

| (e1, e2) | let (x1, x2) := e in e′

| |a⟩ | e >! f

• β- and η− equivalences:

|b⟩ >! f ∼β f b

. . . unitaries?
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Unitary application

Theorem
Let U be a unitary transformation U : σ = τ .

(σ, τ : QType ≡ FinType/UMatrix)

If e : QExp σ, there exists U # e : QExp τ .
(apply the unitary U to e)

Proof.
By path induction. Base case for 1σ : σ = σ:

1σ # e ≡ e

Note
[H] # e ̸= e because [H] ̸= 1Qubit
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Goal

Equational theory for embedded quantum language.

• Focus on boundary of quantum data/classical control
• NOT equational theory for classes of unitaries
• e.g. XZX = −Z implies [XZX] = [−Z]
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Prior work – Staton [2015]
• Equational theory for algebra with unitaries and classical

control.

• Procedural axioms based on diagrams
• symmetric monoidal structure

• Sound and complete with respect to C∗-algebras.
• d = 2
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Goal

Equational theory for embedded QNQ in HoTT.

• languages, not algebra or diagrams
• Variables, functions, modularity, tuples,. . .

• Highlight interesting axioms; fewer “procedural” axioms.
• Paths in HoTT already yield these rules
• Can derive many axioms for free with HoTT

• Completeness by comparison with Staton’s theory.
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Unitaries in the HoTT QNQ

Theorem
Let U : σ = τ and V : τ = ρ be unitaries. Then

V # (U # e) = (V ◦ U) # e.

Proof.
By path induction on V. If V ≡ 1τ then

LHS = 1τ # (U # e) = U # e
RHS = (1τ ◦ U) # e = U # e
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We can prove a lot...
Define versions of †, ⊗, etc on paths.

Theorem
U† # (U # e) = e

Theorem
(U1 ⊗ U2) # (e1, e2) = (U1 # e1,U2 # e2)

Theorem
discard(meas(U # e)) = discard(meas(e))
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...but not everything

Theorem
[SWAP] # (e1, e2) = (e2, e1)

Proof.
????

Theorem
let (x, y) := [SWAP] # e in e′ = let (y, x) := e in e′

Proof.
????

Similar for other “structural” unitaries:
ASSOC : σ1 ⊗ (σ2 ⊗ σ3) = (σ1 ⊗ σ2)⊗ σ3

DISTR : Qubit ⊗ τ = τ ⊕ τ

...
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Partial initialization axiom

Structural equivalence σ τ :

swapX,Y : X × Y → Y × X
swapX,Y(x, y) = (y, x)

Lift structural equivalence to unitary:

ŝwapσ,τ : σ ⊗ τ = τ ⊗ σ

such that
ŝwapσ,τ = [SWAPσ,τ ]

© 2019 Galois, Inc. 56



Partial initialization axiom

Structural equivalence σ τ :

swapX,Y : X × Y → Y × X
swapX,Y(x, y) = (y, x)

Lift structural equivalence to unitary:
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Partial initialization axiom

Axiom
Let f : σ τ be a structural equivalence. Then

f̂ # initσ(b) ≈ initτ (f(b))

Partial initialization:

̂swapX,Y # (e1, e2) ≈ swap(e1, e2) = (e2, e1)
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Partial measurement axiom

Axiom
Let f : σ τ . Then:

match f̂ # e with g ≈ match e with (g ◦ f)

Partial measurement:

match ŝwap # e with λ(x, y).e′

≈
match e with λ(y, x).e′
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Results

• Two axioms:
• structural unitaries + initialization
• structural unitaries + measurement

• Quantum programming language embedded in HoTT
• (Finite) classical data, tuples, and sums
• Partially formalized in Coq HoTT library1

• Sound with respect to density matrices

• Complete with respect to Staton’s equational theory
• Staton’s “interesting” axioms are derived in HoTT
• Staton’s “structural” axioms are interesting in HoTT

1https://github.com/jpaykin/GroupoidQuotient
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Results

• Pros: theorems for free with path induction

• Cons: theorems not actually free

• Takeaway: Equations stem (mostly) from quantum
data/classical control, not artificial axioms

Thanks!
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